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We define a recurrence sequence in a finite
abelian group G by successively applying a per-
mutation ¥ of G to an initial element. We will
give nontrivial upper bounds on the incomplete
character sums of this sequence, for all non-
trivial characters of G.

If ¢ is an Z-orthomorphism of the additive
group F, (i.e. an elementary abelian group),
we significantly improve these bounds. We fi-
nally give a construction of Z-orthomorphisms
using cyclotomic mappings.



Bounds on incomplete character sums have
applications in pseudorandom number genera-
tion and cryptography. Orthomorphisms have
applications in the theory of finite projective
planes, block ciphers in cryptography, and the
construction of atomic Latin squares and Room
squares. In particular, Z-orthomorphisms have
applications in the construction of atomic Latin
squares.



Let G be a finite abelian group of order m > 2.
Let ¢ be a permutation of G. For ug € G,
define a recurrence sequence {un} by

un—l—l — ¢(un)7

Un — @Dn(uo)

Clearly this sequence has least period t < m.
Indeed, t is equal to the length of the cycle of
Y that contains ug in the decomposition of
into disjoint cycles.

For a nontrivial character x of G, for all 1 <
N < t we would like to give nontrivial upper
bounds on the absolute value of the incomplete
character sum Zﬁfz_& x (un).



Let » be a positive integer. Define the com-
plete character sum

SrOav) = ) x(@"(g) — 9).

geG
For IC a finite nonempty set of integers, define

Ar(K) = #{(i,5) €K? 1i—j=r}.
Clearly A-(K) = 0 for all sufficiently large r.
Set K = |K].

The following theorem is from Cohen, Nieder-
reiter, Shparlinski and Zieve (2001):

Theorem 1 Let G be a finite abelian group
of order m > 2 and {un} defined as above with
least period t. Then for any nontrivial charac-
ter x of G and for any finite nonempty set K
of integers, we have:

N-1

Z x (un)

n=0

Ar (I0)[Sr(x; ¥)| +— ) |kl
K 7“;1 KkgC
4

< K-U2N1/2,,1/2 4




This is proved using the Cauchy-Schwarz in-
equality (and a lot of manipulation!).

Clearly if we add a fixed integer to the elements
in IC, we only affect the last term above. Thus
we can minimize the above sum by choosing
K={k:-K/24+1< k< K/2} if K is even,
and C={k: —(K-1)/2<k<(K-1)/2if K
is odd, to minimize the absolute values of the
elements in K. This makes the last term K/2.



Let x be a nontrivial character of an abelian
group G. Since x is nontrivial, there exists a
B € G such that x(B) # 1. Thus:

x(B) Y x(9) = > x(B)x(g)

geG geqG

= > x(B9)

geG

> x(h).

hed
Since x(8) # 1, thus > ,cax(g9) = 0.

Thus if for each r < K in the above theorem,
V" (x) — x is a permutation, then the complete
character sum S;(x,vy) = 0.



A permutation f of a group G is called an or-
thomorphism if f(x) —x is also a permutation.
For % a finite nonempty set of positive inte-
gers, if f7 is an orthomorphism for all r € Z,
then f is called an Z-orthomorphism.

Hence if for # = {1,2,...,K — 1}, ¥ is an %-
orthomorphism, then the complete character
sum Sr(x,%) = 0. Thus we have the following
theorem from Cohen, Niederreiter, Shparlinski
and Zieve (2001):

Corollary 2 Let G be a finite abelian group
of order m > 2, and for some integer K > 2
let v be an Z-orthomorphism of G for % =
{1,2,..., K — 1}. Then for any sequence {un}
defined as before with least period t, and for
any nontrivial character x of GG, for all1 < N <
t we have:

N-1 K
Z X(Un) < K_1/2N1/2m1/2—|—5.
n=0




The following is another upper bound of Co-
hen, Niederreiter, Shparlinski and Zieve (2001)
that is sometimes better than the above corol-
lary. It is proved using the Cauchy-Schwarz
inequality and the result of Cochrane (1987)
that

sin(raN/t)
sin(wa/t)

by

a=1

<—t|ogt+ + 1.

Theorem 3 With the above definitions,

N—1 4
S ()| < K-1/241/201/2 (2logt+2).
n=0 s




We now give a construction for Z-orthomorphisms
of (the additive group of) F, by cyclotomic
mappings of Niederreiter and Winterhof (2005).

Let v € Fy be primitive. For n a positive divisor
of ¢ — 1, put

- —1
C’oz{fyjn:jzo,l,...,q —1},
and
Ci =~'Co,

for 1 <:<n-—1. These are called the cyclo-
tomic cosets, and partition IF;"I.

Define faq,a1,....a,_1 DY

a;x, x¢& Cj,

fao,CLl,...,an_l(CU) — {07 x = 0.

This is called a cyclotomic mapping.



Let ¢ be a prime power, n > 1 a divisor of
q—1,t¢€ IFZ and Z a set of positive integers of
cardinality R > 1. If

“E—2 - g2+ 1) Y r>2,

n

rex

then there exists a b € Fy \ {0, —t} such that
f(o+t)npn,.. pn 1S AN Z-orthomorphism of Fy.
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Finally, Cohen, Niederreiter, Shparlinski and
Zieve (2001) also prove that if ¢ > 3 is a power
of a prime p and ¢ is an [Fy-linear mapping of
Fq, if the characteristic polynomial of v is prim-

itive over [y, then ¢ is an Z-orthomorphism of
F, for # ={1,2,...,q — 2}.
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