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Outline

Describe financial risk and coherent risk
measures (representation by ‘scenarios” or
probabilities)

Incorporate liquidity risk into risk measure-
ment (definition of “acceptable” portfolio)

Consider an example of modeling liquidity
(liquidity based restrictions)

Consider a liquidation strategy by (finite)
random time



Financial Risk

e Possible Outcomes Q2 = {w1,wp, ..., wx}

e Random future value X : 2 — R (normal-
ized with respect to a risk-free asset)

e A set of “acceptable” future values X

e A risk measure is a mapping p from ran-
dom variables to real numbers.



Risk measures and acceptance sets

p(X) specifies how much capital is required to
make a position acceptable,

i.e. p(X) <0 = X is acceptable

T he acceptance set associated with a risk mea-
sure p is

Ap = {X]p(X) <0}



Value at Risk

VaR, Value at Risk, is a commonly used risk
measure.

VaRqy(X) = —inf{m|P[X <m] > a}

Shortcomings: it controls the frequency of fail-
ures but not their economic consequences

VaR IS not subadditive: it could happen that

VaRo(X +Y) > VaRa(X) + VaRa(Y)



Coherent measures of risk

A risk measure p is called coherent if it satis-
fies the following axioms

1.Subadditivity

p(X +Y) < p(X) 4+ p(Y)
2.Positive homogeneity If A >0
p(AX) = Ap(X)
3. Translation invariance For all m € R
p(X+m) =p(X)—m

4.Monotonicity

X <Y = p(Y) < p(X)



A risk measure p is called convex if it satisfies
the following axioms

1.Convexity For0< <1

pPAX 4+ (1 = A)Y) < Ap(X) + (1 = A)p(Y)

2. Translation invariance For all m € R
p(X +m)=p(X)-—m
3.Monotonicity

X <Y = p(Y) < p(X)

The associated acceptance set A is convex,
monotone and closed.



Representation of risk measures

If measure of risk p is convex, then there exists
a set S of probability measures P! on © and
constants f* such that

p(X) = = inf {Ep[X] - '},

For coherent measures of risk, the constants
are zero.

The acceptance set is

Ap = {X|Epi[X] > f* foralli}.



Choose a set of scenarios and corresponding
risk limits. Let a financial position X be "ac-
ceptable” if

for every 1.

The resulting risk measure is coherent/convex.



Q. Suppose that a trader borrows a million
and uses up for the stock of a single company.

— Is it correct to value the holdings of this
trader at the present per-share price?

— Would the position of this trader be accept-
able?



Model

On a probability space (2, F, P) with a filtra-
tion {}—t}tZO

e a risk-free asset
e traded risky assets S1, 82 ... SN

e trading strategy m; = (n?, 7}, -+, 7V)
where 7 is the number of units of the risk-
free asset (the amount of cash holding)
and m' is the number of shares of asset
S"(n=1,...,N) held at each time ¢
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Consider a set of test measures {P*,i € I} and
risk limits f* € R where each P’ is absolutely
continuous with respect to P.

We assume for “admissible” trading strategies
(subject to liquidity based restrictions)

- no additional cashflows is generated

- “mark-to-market” value is bounded below
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Acceptable portfolio

Definition A portfolio X is acceptable if there
exist an “ admissible” trading strategy m; and
a date T for which X can be decomposed (by
trading) into a cash-only position and a posi-
tive portfolio by date T

(i) p=0forall 1<n<N

where w% denotes the number of shares of as-
set S™ held at date T, and

(i)
Ep; [e_TTW%] > fz

for every 1 € I.

A positive portfolio means that it entails only
nonnegative cashflows in the future.
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The acceptance set

The set A of all acceptable portfolios is

e convex
i.e., if X is acceptable and Y is acceptable,
thensois A X4+ (1 -XMN)Y for0< <1,

e Mmonotone
i.e., if X is acceptable and X <Y (Y — X
produces nonnegative cash flows), then Y
IS acceptable.

e NOot necessarily positive homogeneous
l.e., X Is acceptable but 2X might not be
acceptable.
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Proof of convexity

Since X is acceptable, there exists an admis-
sible trading strategy ¢; for X which satisfies
¢ =0(1 <n < N)and e_Tqub%l is acceptable
for some T7.

Since Y is also acceptable, there exist an ad-
missible trading strategy v; and date 15 for Y.

Set T'= max{Ty,T>} (assume T'=Ty7). Let

T = At + (1 — A)bar,

Then, for this strategy m; the portfolio A\X +
(1 — N)Y is decomposed into a cash-only po-
sition and a positive portfolio by date T', and
the discounted value of cash-only part is

)\e_TTlcb% + (1 — )\)e_TTler(Tl_TQ)w%Q

which is an acceptable random variable.
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Modeling liquidity

Consider a market consisting of
e a risk-free asset (the interest rate r)

e a risky asset following a geometric Brown-
lan motion

dSt = pSidt + o Std By

e the actual price traded in the market

A A
Ptj::St:l:ESt:(l:l:E)St

where P"‘, P~ represent the prices for buy-
ers and for sellers respectively, and A\ indi-
cates the bid-ask spread

e a set of scenarios and risk limits {P? i € I}
and {ft,i eI}
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Admissible trading strategies

Define trading strategies (72, 7}) to be all {F;}-
adapted processes with left continuous paths
that have right limits.

m9 denotes the amount held in cash and 7} the
number of shares of asset S held at time ¢.

Assume the firm cannot “liquidate” too fast:

Definition A trading strategy m; is admissible
if it satisfies

7t — | < elty —to

and keeps the wealth (“mark-to-market” value)
bounded below.
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Then
=N —n;

where I‘I;" is interpreted as the cumulative num-
ber of shares of asset S bought and 1, as the
cumulative number sold until time ¢.

dr = rrddt — d(MP)PT 4+ d(N;7) P
A _
rapdt — (dmi)Sp = Z(d(MT) + (7)),

Definition A trading strategy m; = (#?,n}) is
said to be self-financing if it satisfies

d(rP+7iS;) = erdt+w§dst—%(d(nj)+d(rlt—))st
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The wealth process

The wealth (“mark-to-market” value) process
W is written as

dW (t) = rrddt + njdS; — g(d(nj) + d(N;))S;
= r{W () — 7S} dt + 71 dS; — %(d(nj)
+d(M;)) S

Lemma 1 The discounted wealth process is a
supermartingale under any @@ € QO

where QO is the set of probability measures ab-
solutely continuous with respect to P, under
which the (discounted) asset price process is a
local martingale. Assume QN {P' i€ I} £ 0.

18



Proof

d(e "W (t)) = e " — rafSidt + 71 dS;
2N + )
V() = W(0) + /Otwgd(e—msu)

M\t
=2 | €7 Su(d(MT) 4+ d(M7))

The stochastic integral (with respect to e~ "tS;)
IS a local martingale.

A continuous local martingale which is bounded
below is a supermartingale.

The last term (without the minus sign) is non-
negative and nondecreasing.
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Theorem 2 For any fixed date T', there is a
constant K such that:

if the initial “mark-to-market” value of a port-
folio is less than K, then the portfolio cannot
be decomposed into an acceptable cash-only
position and a positive portfolio by time T'.
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Proof

Suppose a portfolio X is acceptable. Then
there must exist an admissible trading strategy
m¢ for which 7k =0 and e™"1 % satisfies

for every Pt,

On the other hand, if P! belongs to Q,

Epile™™ 78] < Epile ™MW (T)]
< W(0)

Let K = max{f’: P'c Q}.

If the initial “mark-to-market” value W(0) is
less than K, then the portfolio cannot be ac-
ceptable.
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Liquidation by (finite) random time

Assume that p > % o2 5-(r = 0) Assume So =1
and initial shares of stock held 7r0 = 1.

e Step 1. Hold the stock until the stock
holdings are worth L(> 1)

Set
o1 = inf{t: St =1L}
0.2
= inf{t: (p— ?)t +oBy=InL}

< o0

Eple %71] = exp{—ﬁq/ (n— ”—)2 + 2020

(- D)

for any fixed 6 > O.

Eplo1] =
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e Step 2. Sell the stock at rate e until the
stock holdings are worth 1

Set

inf{t > o1 : ﬂ'tlSt =1}
inf{t >o01:(1—€e(t—01))St =1}

71

The change in the value of cash holding
drd = —d(N)PY 4+ d(N;) P
A
= 1——)S
e( 2) /

for o1 <t <m.

Thus the total amount of changes in the
value of cash holding

T Py T
Y] = 1d7r?=e(1—§) 'S, dt

g1 01
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e Step 3. Wait until the stock holdings are
worth L

Fort > 71

o2
St = Snexp{(u——)(t—71)+a(3t Bry)}

By the strong Markov property of Brownian
motion, the distribution of S t (conditioned
1

on Fr;) is the same as the distribution of
Su, where u =1t — 711.

Let
op = Inf{t>7'1:7r St =L}
= inf{tZTlisiZL}

T1
< o0

since 7r ST1 = 1.
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e Step 4. Sell the stock at rate SL until the
|
stock holdings are worth 1

Set

inf{t > oy : 7w} S; =1}
inf{t > o2 (n}, = —(t = 02))S1 = 1)

1

72

Then, for oo <t < 1
drnd = d(l‘l"’)P"’—l—d(l‘lt_)Pt_

- 1——5
571( ) St

Thus, the amount transferred into cash
holdings

YQZ/Tdet 6(1——)/T2 St 4

e Step 5. Repeat to produce Y3,Yy,---
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Assume that p > %Q.Cr = 0) Let X be a port-
folio whose initial shares of stock is 1.

Theorem 3 There exist an admissible trading
strategy and a (finite) stopping time 7* such
that X is decomposed into a cash-only position
and a positive portfolio by date 7*, and

Epi[ﬂ-g-)*] Z fz

for all 72 € I.
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Proof

Consider
Ao [T A, (2 S
Yy, = 6(1—5)/ " S, dt, Yo =e(1—§)/ 22t g

01 (049 ST]_
By the law of large numbers

Yi+Ya+- = oo
almost surely under P.

Let

Zi=79+ Y Ym
ngt

Then Z; < 7P and Z; — oo a.s. under P.

Let
™ =inf{t: Z; > 2f}

where f = max{f*,i € I}. Then 7" < oo a.s.
and

P{w:ZT*<f}=O
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Proof continued

Since each P! is locally absolutely continuous
with respect to P, there exists an increasing
sequence {T,} of stopping times such that:
(i) PHIMT, =00} =1

(i) Pi|an is absolutely continuous with respect
to P|an for all n.

For the localizing sequence {1} (depending on
PY)

PYZ.« < [} lim P {{ZT* < fIn{Ty, > T*}}

n—oo

O

T hen
Epi[r%] > EpilZ4] > F > f

for every 1 € I.

28



Summary

Liquidity risk is incorporated into risk mea-
surement.

A notion of acceptable portfolio is estab-
lished.

An example of modeling liquidity is pre-
sented.

The requirement of finite fixed time for lig-
uidation is necessary in the regulation of
liquidity risk.
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