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Symmetric «-Stable Process

IS a Levy process Z on R"™ with
E & (Z=Z0) — o—HEl*

where a € (0, 2). Unlike Brownian motion, t — Z;(w) is
discontinuous and Z; has heavy tails:

P(‘Zt’ > )\) =D

e E|Z,|P < xifandonly if p < a.

o Self-similarity: {\~Y*(Z\, — Zy), t > 0} has the same
distribution as {Z; — Zy, t > 0}.
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Generator

e Generator: AY/? := —(—A)¥/2,

(A)2 f ()
B / eI f(€) de
o bl c(n, )
= U eV IOt
= c(n,Oé)/n(f(y)—f(w)—Vf<w)-( — 2)1{jy—al<1})




Construction of Stable Processes

Let B be BM(R") and Y be an independent («/2)-subordinator
on R*:
Ee Y = ¢t

Then Z; := By, Is a symmetric a-stable process on R".

In contrast to the Brownian motion, the coordinate processes of
symmetric a-stable process in R™ are 1-dimensional symmetric
«-Stable processes but are not independent each other.
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Transience and Recurrence

When n = 1, symmetric a-stable process 7 is pointwise
recurrent when a > 1, neighborhood recurrent when o = 1, and
IS transient when o < 1.

When n > 2, Z Is always transient.

e Transition density function p(¢, x, y) estimate:

t
NP —n/
p(t,z,y) < min {t U 7 — y’n+a}

Here f < g means f/g is bounded between two positive
constants.
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Dirichlet from

The Dirichlet form (&€, F) of Z is given by F = Dom(y/—L) and

E(u,v) = (\/j‘cf‘% v _EU)LZ(R”,dw)
| el [ () a0l o)
R xR" |

|z — y|nte

In fact,

F={ue L*R",dz): E(u,u) < x} = WY22R").
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Stable process in an open subset

Let D be an open subset of R” and define

mp =inf{t >0: Z; ¢ D}.

Typically, Z., € R\ D.
Green function: [, Gp(xz,y)f(y)dy = E; [,” f(Zs)ds.

Green Function Estimates: C-Song, Kulczcki

a/2 a/2
Gp(z,y) = min{ ! 0p(x)*"“dp(y) } |

iz —y[rme =y

where 6p(z) = dist(x, D°).
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Censored stable process

A censored «-stable process Y in a domain D can be obtained
from a symmetric a-stable process Z by killing it at the time
when it jumps outside D, and then starting an independent copy
of Z from the point where the jump originated. The procedure is

repeated for the new process, and then by induction infinitely
(countably) many times.

Equivalent characterization: Y has Dirichlet form

) = ¢ GO0,
F = Cc=D)""=w>*(D).
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Boundary behavior

e Does the censored process approach the boundary of D in a
finite time?

Example: D = (0,1) \ K, where K is the Cantor set in (0,1).

Definition. A set D C R" Is called an n-set if there is ¢ > 0 such
that

|B(x,r)| >cr™  foreveryz € Dandr < 1.

Let Cap, denote the capacity induced by the symmetric a-stable
process in R, or equivalently, by Riesz potential kernel
z —y|*".
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Boundary behavior (continued)

Theorem. (Bogdan-Burdzy-C.)

Let D be a bounded open n-set in R™. Then the censored
a-Stable process in D is recurrent if and only if Cap_(0D) = 0.
When Cap,(0D) > 0,

P,((<occandY,_ €9D) =1 for every x € D.
Corollary. If the boundary of a bounded n-set D has (locally)

finite and positive d-dimensional Hausdorff measure. Then Y is
recurrent if and only if « < n — d. When a > n — d,

P,((<occandY,_ €9D)=1 for every x € D.
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Reflected Stable process

Consider the reflected Dirichlet space (&, F™!) of Y, where
Fret = fu e L3(D, dz) : E(u,u) < co}= WY22(D).

When D is an n-open set, (£, F ') is a regular Dirichlet space
on D and so there is an associated Hunt process Y * starting
from quasi-every point in D.

Fact: Y is a subprocess of Y* killed upon hitting 0D.

So the above boundary behavior question is equivalent to
whether Y = Y* or not.

Implication: Y = Y* if and only if W/*?(D) = We/22(D),
yielding new results on Besov spaces.

|
On Symmetric Stable Processes — p. 11/2



Boundary Harnack principle

Theorem. (Bogdan-Burdzy-C.)

BHP holds for censored «a-stable processes in C':'-smooth open
sets with o > 1. The BHP asserts that harmonic functions that
vanish on the same part of the boundary decay at the same
rate, which is 6p (z)* 1.

Green function estimate. (C-Kim)
Let Gp denote the Green function of censored «-stable process
in a bounded C*>'-smooth open set D with a > 1. Then

L ol ey,

’.CC _ y’n—a’ ‘ZIZ _ y‘n—l—a—2

Gp(x,y) < min{
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d-set

A subset F' ¢ R" Is called a d-set, where 0 < d < n, If there Is a
positive Borel measure yon FFandc; > 1

citr? < w(B(z,7)) < cpr? forall x € Fand 0 <r < 1.
Such a measure p is called a d-measure on F'.

The notion of d-set arises in the theory of function spaces and in
fractal geometry. Geometrically self-similar sets are typical
examples of d-sets. For example, any Lipschitz domain in R"
with a uniform Lipschitz constant is an n-set, Sierpinski gasket
and Sierpinski carpet in R? are d-sets with d = log 3/ log 2 and

d = log 8/ log 3, respectively.
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Dirichlet form on d-set

Let /' C R" be a closed d-set with the property that

w(B(z,r)) < er? forevery z € Fand r > 0.

Let

_ =)
J(w,y)—’x_y‘d+a for x,y € F,

where c(x,y) IS a symmetric function on F' x F' such that
1
¢y < clx,y) < e for u-a.e. x,y € F.
Define

Eu,v) = /F (@) — )@ putdz)a(dy),

F = {weLl’(Fp): E(u,u) <oo}.
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Neumann heat kernel estimates

Theorem. (C.-Kumagai)

For 0 < a < 2, (&€, F) is aregular Dirichlet form on F'. There is a
Feller process Y* on F associated with it (£, F) on L?(F, ) and
Y™ has a Holder continuous transition density function p(t, xz, y).
Consequently, Y* can be refined to start from every point in F.
Moreover,

t
R -,
p(taxay) ~ 111 {t 047 ’x_y’d—l-oz}

fort <1 and x,y € F, with the multiplicative constants
depending only on n, d, «, and the constants ¢; and cs.
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Uniform Hausdorff dimensional result

Assume that o < d.

Theorem. (Benjamini-C.-Rohde)
(1) For every x € F,

P, (dimgY™*(F) = adimgF for all Borelsets E C Ry) = 1.

(i) Assume F'is the closure of a bounded open n-set in R™. Let
Sw)={t>0: Y*(w) € 0D} be boundary occupation time set.
Then

n — dimH(S’D
@7

dimgS(w) = max {1 -~ : O} P,-a.s.
for every xz € D.
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(continued)

(i) Under the condition of (i) with o < n,
dimpz Y™ (S(w)) = max {a + dimg0D — n, 0} P.-a.s.
for every x € D.

Similar results hold for normally reflected Brownian motions.
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Jump processes of mixed type

A typical example is the symmetric jump process with jumping

Intensity
* cla,x,y)
J(:E, y) - /oz ‘ZE‘ _ y‘d—ka V(dO{),

where v is a probability measure on |a1, as] C (0,2), and
c(a, x,y) IS a jointly measurable function that is symmetric in

(x,y) and is bounded between two positive constants.
Rewrite the above jumping intensity J as

c(z,y)
J(x,y) = for every (z,y) € F' x F
) = gl — o) V)

with ¢(r) =1/ f(f r~“v(da).
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Heat kernel estimate

Theorem. (C.-Kumagai)

Assume that F' is a closed global d-set F'. Then there is a Feller
process X associated with the Dirichlet form (£, F) with J(z, y)
and X has a continuous transition density function p(t¢, x, y) with

respect to the measure p satisfying the following two-sided
estimate

(t,z,y) < : 4 :
PEY = 1611)2 " 1z — yl4e(lz — v))

forallt > 0 and all z,y € F, where ¢! is the inverse function of

.

Remarks:
e Such a result is new even when F'is R".
e Stability. Parabolic Harnack inequality.
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THE END
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