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Notation:

• X is a compact complex manifold (dimX = n)

• L→ X is a holomorphic line bundle

A smooth metric on L is written (locally) as h =

e−2ϕ. The additive object ϕ est is called a weight.

The (normalized) curvature is then ddcϕ(= i
4π∂∂̄ϕ) :

[ddcϕ] = c1(L) ∈ H2(X,Z).

A singular weight ψ may attain −∞ and ψ is called

psh weight if the curvature ddcψ is a positive current.
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Recall: the �algebraic� volume

Vol(L) :=:= lim sup
k→∞

k−n dimH0(X, kL)n!

and L is called big if Vol(L) > 0.

L ample (nef)⇒ Vol(L) = c1(L)n

where L is ample ∃ ϕ smooth and spsh. If L is merely

big then

Vol(L) =

∫
X−”{ψ=−∞}”

(ddcψ)n :=

∫
X

MA(ψ),

where ψ is any weight on L with minimal singular-

ities [Boucksom'02]. Such a weight may be obtain

from a smooth weight ϕ by

Pϕ := sup {ψ ψ psh, ψ ≤ ϕ}.

The Monge-Ampere measure MA(Pϕ) is called the

equilibrium measure of (X,ϕ).
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The �metric� (weighted) volume

ϕ 7→ B∞(ϕ) :=
{
s ∈ H0(L) : ∥se−ϕ∥L∞(X) ≤ 1

}
(also have B2(ϕ) w.r.t. L2(X,ωn))

Vol(ϕ, ϕ′) := lim sup
k→∞

k−(n+1) log
VolB(kϕ)

VolB(kϕ′)
(n + 1)!

⇒ Vol(ϕ, ϕ+ 1) = Vol(L)

Thm [B-B'08]: Let ϕ and ϕ be, say, continuous. Then

Vol(ϕ, ϕ′) = E(Pϕ, Pϕ′)

E(ψ, ψ′) :=

n∑
j=0

∫
X−”{ψ,ψ′=−∞}”

(ψ−ψ′)(ddcψ)∧(ddcψ′)n−j/(n+1)

⇒ E(ψ, ψ + 1) = Vol(L)

(secondary class of Bott-Chern). [Bismut-Gillet-Soule]

Fundamental property: dEψ = MA(ψ) [Aubin-Mabuchi]

Thm [B-B'08] ϕ 7→ E◦P is

• di�erentiable (d(E◦P )ϕ = MA(Pϕ)) (not C2!)

• concave
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Examples

Let (X,L) = (P1,O(1)).

P1 ⊇ C1
z : ϕ(z) function on C. ϕ′(z) := log max{1, |z|}

(Vol'B(kϕ))−k ∼ sup
(z0,...,zk)∈Ck+1

∏
i<j

(|zi − zj| e−ϕ(zi)e−ϕ(zj))

(→trans�nite diameter of (C, ϕ)).

k−2 logVol'B(kϕ) ∼ inf
(z1,...,zk)∈Ck

Eϕ(z1, ..., zk)

Eϕ(z1, ..., zk) = −1

2

∑
i̸=j

log |zi − zj| k−2 +
∑
i

ϕ(zi))

Hence, k−2 logVol'B(kϕ) converges towards the weighted

logarithmic energy of the equilibrium measure of (C, ϕ).
If (X,L) = (Pn,O(1)) on obtains a formula for the (weighted) trans�nite

diameter of Leja ('59). [Unweighted case: Rumely'06, Rumely-DeMarco'06].



6

The �arithmetic� volume

Let L → X be de�ned over Z (so that X is an

arithmetic variety) and ϕ weight on L→ X(C) (i.e.

�at in�nity�)

VolZ(L, ϕ) := lim sup
k→∞

k−(n+1) log
VolB(X(C), kϕ)

VolΛZ

where ΛZ is the lattice of sections de�ned over Z.
[Gillet-Soule, Abbes-Bouche, Rumely-Lau-Varley]

�Trivial� observation:

VolZ(L, ϕ) − VolZ(L, ϕ′) =Vol(ϕ, ϕ′)

the weighted volume for X(C)!

This leads to a generalization to big line bundles

of the equidistribution thm. of Yuan'06 [Szpiro-Ullmo-

Zhang'97] for a sequence of points (xi) whose heights

tend to zero:

The Galois orbit of xi on X(C) becomes equidis-

tributed on the equilibrium measure MA(Pϕ) (gener-

ically).
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Pf. of Vol= E◦P : enter the hero

The Bergman measure: β(kϕ,ωn) =
∑

j |sj|2e−2ϕωn where

(sj) base ON in H0(kL) for ∥se−ϕ∥L2(X,ωn).

dϕ(k
−(n+1) log

VolB2(kϕ)

VolB2(kϕ′)
) = k−nβ(kϕ,ωn)

→ MA(Pϕ)) (B.'07)

dϕ(E◦P ) = MA(Pϕ) (B-B)

In particular,

k−(n+1) log
VolB2(kϕ)

VolB2(kϕ′)
→ (E◦P )(ϕ, ϕ′)

Finally, use VolB2(kϕ) ∼ VolB∞(kϕ).
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Equidistribution

L(kϕ, µk) := k−(n+1) logVolB2(kϕ, µk)

= −k−(n+1) log det

(∫
X

sis̄je
−k2ϕµk

)
i,j

Thm (B-B-W)'08): Fix ϕ and suppose that (µk) is

an asymptotic minimizing sequence of L(kϕ, ·) :

L(kϕ, µk) → inf
µk

L(kϕ, µk) = (E◦P )(ϕ).

Then β(kϕ,µk) →MA(Pϕ) weakly.

Pf: Let fk(t) := L(k(ϕ+tu), µk) and f (t) := (E◦P )(ϕ+

tu). Then fk and f are concave and C1 and

fk(0) → f (0)

inf
k

fk(t) ≥ f (t)

Hence,
dfk(0)

dt
→ df(0)

dt
,
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Q.E.D.
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Implies equidistribution in �di�erent� situations:

• (conjecture of Leja, Siciak,...) If µk = 1
Nk

∑Nk
i=1 δxi

where (x1, ..., xNk) maximizes

Xk ∋ (x1, ..., xNk) 7→
∣∣∣det(si(xj)e

−kϕ(xj))
∣∣∣2

(since µk = βk in this discrete case!)

• (conjecture of Bloom-Levenberg,...). If E is a,

say smooth, domain in Cn (or Rn) and µk ≡

1E ∗ Lesbesguemeasure. Then get equidistri-

bution of the Bergman measures βk.
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Probabilistic aspects [B.]

Consider the �con�guration space� XNk of Nk par-

ticles with the probability measure whose density is

ρ(x1, ..., xNk) := |det(si(xj))|2kϕ /Nk!

Get a random measure (determinatal point process)

(0.1) (x1, ..., xNk
) 7→ 1

Nk

Nk∑
i=1

δxi

which (1) converges in probability to the equil.measure

MA(Pϕ) (2) sati�es a CLT in the �bulk�:

for any u supported in the pseuodo-interiour of the

support of the equil.measure MA(Pϕ)

1

kn−1
(u(x1) − Eu(x1)) + .... + (u(xNk) − Eu(xNk)}

converges in distribution to a centered Gaussian with

variance ∥du∥2
ddcϕ .


