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Input

Clique Partitioning (CP) Problem “ i

e Input: weighted undirected graph G(V,E) with n nodes and m edges

e Method: a clustering (clique partitioning) algorithm

Output
e Output: a partition of the nodes into disjoint clusters (node colours) e S
® Goal: group nodes into clusters which maximizes the weight of the
partition
= % Community #5
I —_— —_—— Community #4

gigé Grotschel & Wakabayashi (1989) A cutting plane algorithm for a clustering problem
= Figures from
2 timbr.ai

UNIVERSITY OF Boris Ng - Clique Partitioning through Troika Algorithm

TORONTO

Community #3



How would you “clique partition” this graph?

Goal: Group nodes into 15 A DK
clusters which maximizes the a | SN N ‘ 13
internal weight of the partition f B
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Investment Portfolio Analogy

Objective:

» Maximize returns from a portfolio consisting of stocks and
bonds.

Investments:
» Stocks
» Bonds
Variables:
» s = Amount invested in stocks

» b = Amount invested in bonds
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Integer Programming (IP) Formulation

Maximize Returns:
Returns = 1.2s + 1.1b

Constraints:

1. Total investment limit:
s+ b < 100,000

2. Diversification:
s>0, b>20000

3. Integer constraint:
s,beZ
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Optimal Solution

Solution:
» Optimal investment in stocks (s): $80,000
» Optimal investment in bonds (b): $20,000
Calculated Returns:

Max Returns = 1.2 x 100000 + 1.1 x 20000 = $116, 000

Remarks:

» This allocation maximizes the returns under the given
constraints.

» Preference is given to stocks due to higher returns per dollar
invested.
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Clique Partitioning IP Formulation

Given partition P, for every pair of nodes (i, j), their cluster assignment is either same
(represented by xij = 0) or different (represented by xij = 1). The weight of the undirected edge
between nodes (i, j) is represented as wij.

RP*(G): maxW = E w1 = )
T
Y (4,)€E
Constraints:
t. L g k
st Ta+ T =35 V(i,5,k) € T Ty ={(i,5,k) € T | wix >0 V wy > 0}
Zjk =+ Zij = Tip V(Zaja k) = Ti .
. Ti:{(z',j,k)eT|wjk>0Vwij>0}
Tij + Tk & Tk V(Z7]7 k) = T-:—

T: ={(i,5,k) €T | w;; >0 V wyy > 0}.
z;; € {0,1} V(i,j) € E Y ={(4,k) | w; Wik }
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Existing Methods

Exact Methods:

® Solving IP formulation using commercial solvers (Miyauchi et al. 2018)
® Exact branch-and-cut exploring facet inequalities (Simanchev et al. 2019)

Heuristic Methods:

® Combo (Sobolevsky et al. 2019)
e Merge-divide memetic clique partitioning algorithm (Lu et al. 2021)
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Troika

Inspiration: Bayan algorithm for Community Detection (Aref et al. 2022)
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Troika

Branch-and-Cut Implementation

e Node Triple Method: Branch on sets of three nodes to explore feasible space.
e Upper Bound: Use linear programming relaxation to establish upper bounds.

e Lower Bound: Employ heuristic search to construct lower bounds.
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Applying Troika to Market Index Correlation Network

UNIVERSITY OF

TORONTO

Correlation Matrix
Fisher Transform

Thresholding

Signed Networks

finviz
TECHNOLOGY
INTERNET INFORMATION PR

GOOGL T
-0.58%

IBM

AcN  FIS
021%

FB

seviconDuCTOR
MSFT > o
-1.54%

AVGO
~048%

FINANCIAL

MONEY CENTER BANKS

i - '
+0.67%

MA
C
JPM
+0.93%  pnc [sm
PROPERTY & CASUALTY INSURANCE

AlG .«
0.55%

AL
Y au

cB Lx

ASSETMANA

TELECOMSERVICES-DOME  APPLICATION SOFT

CRM
prye

vz

ORCL  aApge
775 [l
wy
=

NETWORKINGS& ~ COMMUNICA

Csco Qcom
-071% S0
DATAS  DIVERSIFIE SEMICO

EMC g

0us%

— DIVER
SEMICO

BRom

ADI

CREDIT SERVICES

GS

PYPL COF s
200K 17K |
DFS EFX
002 Wy CME

REIT-RETAIL
spg P usp

-080% sozex KEY

o

REIT-RE

AVB
ESS

REGIONAL -

INSURA

SERVICES
ENTERTAINMENT - DIV

DIS cmcsa

-0.35% <o

TWX Foxa CBS
ooox gk

DISCOUNT. VARIETY'S
cost
226

WMT

225% | TST

030%

DG
CATALOG & MAIL ORD

AMZN
+0.01%

'CONSUMER GOODS
ELECTRONIC EQUIPMENT

AAPL
+0.15%

Boris Ng - Clique Partitioning through Troika Algorithm

HOMEIMPROVE ~ RESTAURANT BUSINESSSE

Mcb Y
HD on -111%
i = = MHFI FISV
wesx M Mo Ao
RAILROADS CATV SYSTE

csx

AIR DELIVERY &
FDX NFLX
UPS ;. UNP TWC +ozex
029% 086% 050
nsc
DRUGSTO  SPECIALTY APPAREL DEPARTM
B
wea T =P
ouex ROST '
RESORTS LODGIN GROCE

CCL ra BPE KR wv
035% wor | 00X
SPECIALTY
EBAY
000
AUTOPA

pa. AAL

272
UAL sYy

PERSONALPRODUCT  CIGARETTES

= PM
PG e

PROCESSED &
GIs O e
1%

N

S&P 500 + 1 DAY PERFORMANCE * Sun FEB 28 2016 8:02 PMEST

BASIC MATERIALS
MAJOR INTEGRATED  INDEPENDENT

o nx
XOM
0.32% o5 A

asx  +101%
)
D0 HES nev

CVX

aPA

HEALTHCARE
DDRUG MANUFACTURERS - MAJOR

JNJ
-0.56%

PFE
-1.18%

BIOTECHNOLOGY

AMGN
+058%

CELG

+1.00%

INDUSTRIAL GOODS
DIVERSIFIED MACHINERY

GE =

DHR nw
soox 005

RoP b

OIL&GASE

AN VRTX
227% 72

-0.39%

LMT

OIL&GAS  |SPECIALTY.

wva | LYB SW
KMI P

HEALTH CARE PLANS

ESRX  AET
23% | 0ar%
UNH Cvs
1% o75%
amm CI
02 066

MEDICALAPPLIANCE  MEDICALL

S) ™0 A
MDT  auax ™% pux
Py

zau STJ MEDICALI
085 1052
BAX

ABT |scow ™

BCR
DRUGS - GENERIC

AGN

+0.58% VA
zs e

UTILITIES

HCA

AEROSPACE/DEFENSEPROD  [ELECTRICUTILITIES

GD pUK NEE D
- 287% 252%

"N

11



Yearly Clustering Results of S&P 500 (2019-2023)
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How does Troika work? Branching on Node Triples

| >

Solve LP

Select triple (i,j,k)

/\

Solve LP extended with
Xij +Xig +xjx =0

A

Select triple (i,j,k)

Solve LP extended with
Xij +Xjx +xjx =2

l

Select triple (i,j,k)

/

P

Solve LP extended with
Xij + Xk +xjx =0

Solve LP extended with
Xij + Xk —I—Xjk > 2

/\
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Solve LP extended with
Xij + Xk + x5 =0

Solve LP extended with
Xij+Xix +Xjp =2
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Pushing the computational limits

1. Graph Pre-processing <:|

2. Search Termination Criteria

3. Variable fixing

4. Implied branching

5. Parallel processing of the separating sets

6. Node Triple Selection
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Graph Pre-processing

1. Pendant Node Reduction
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Graph Pre-processing

2. Pendant Clique Reduction
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Experimental Setup

® Datasets:

o ABR Graphs: Aggregation of Binary Relations for qualitative data analysis.
o MCF Graphs: Machine Cell Formation problems in manufacturing

o Barabasi-Albert Graphs: Scale-free networks to model real-world structures

Sorensen & Letchford (2017) CP-lib: Benchmark instances of the clique partitioning problem
Barabasi & Albert (1999) Emergence of scaling in random networks
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Experimental Setup

® Performance Metrics:
o Solution Quality
o Computational time

® Methods Compared:
o Troika
o Gurobi IP Formulation
o Combo Algorithm

Sorensen & Letchford (2017) CP-lib: Benchmark instances of the clique partitioning problem
Barabasi & Albert (1999) Emergence of scaling in random networks
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Solve Time
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Solve Time (s) - Log Scale

The Aggregation of Binary Relation (ABR) dataset
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Solve Time
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Solve Time (s) - Log Scale

The Machine Cell Formation (MCF) dataset

[ RPX(G)
1 = Troika
103 4
" Combo
102 4
1011
100 4
10—1-
10—2_
~ O X9 0ADOINODODNOCA QNN Voo (@O L DO D
AN It oot ot ol DO AN O O Q& > 9' o Cf P S
O L. 0700720 007 070 0O L7878 CI/N7 2 RN
CFEFFTEEEEEFE ST EFLL L CEELESp @ PP’

Input Graphs

Boris Ng - Clique Partitioning through Troika Algorithm

20



Solve Time
The Barabasi-Albert Graphs dataset
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Accuracy

Objective Value
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Experimental Results

® Troika is 5.8, 27 and 14.8 times faster than Gurobi IP Formulation on average
on ABR, MCF and Barabasi-Albert graphs respectively

® Troika achieves 98.85% optimality, compared to Combo's 96.65% on both
MCF and Barabasi-Albert graphs.
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Final Note
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Troika offers efficient and
effective solution for the clique
partitioning problem

Troika demonstrates a balance in
terms of solve time and solution
quality
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