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Grassmann manifolds

Let My(n, d; C) be the set of all complex n x d matrix of rank d,

Soumen Sarkar, IIT Madras, https://home.i c.in/soumen On integral cohomology of weighted Grassmann orbifolds



Grassmann manifolds

Let My(n, d; C) be the set of all complex n x d matrix of rank d,

and GL(d, C) the set of all non singular complex matrix of order
d.
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Grassmann manifolds

Let My(n, d; C) be the set of all complex n x d matrix of rank d,

and GL(d, C) the set of all non singular complex matrix of order
d.

For two matrix A, B € My(n, d,C),
A~ Bifandonlyif A= BT

forsome T € GL(d,C).
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Grassmann manifolds

Definition
The quotient space

Md(na d; (C)

~

Gr(d, n) :=

is called a Grassmann manifold.
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Grassmann manifolds

Definition
The quotient space

Md(na d; (C)

~

Gr(d,n) :=
is called a Grassmann manifold.

The quotient map is denoted by
7 Mg(n,d;C) — Gr(d, n). (1)
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Grassmann manifolds

Definition
The quotient space

Md(n, d; (C)

~

Gr(d,n) :=
is called a Grassmann manifold.

The quotient map is denoted by
7 Mg(n,d;C) — Gr(d, n). (1)

The space Gr(d, n) is a d(n — d)-dimensional smooth manifold.

On integral cohomology of weighted Grassmann orbifolds
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Weighted Grassmann orbifolds

Denote an element A € My(n, d; C) as follows

ayy a2 - ad a

a | mm | e

a;ﬂ dpz -+ and an
wherea; e C9fori=1,...,n.
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Weighted Grassmann orbifolds (Definition)

For W := (wy,ws,...,wp) € (Z>0)" and a € Z>1, we define an
equivalence relation ~,, on My(n, d; C) by

aq t"1ay

as t"2a,
. ~w .

an t“rap

for T € GL(d,C) and t € C* such that t? = det(T).
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Weighted Grassmann orbifolds (Definition)

For W := (wy,ws,...,wp) € (Z>0)" and a € Z>1, we define an
equivalence relation ~,, on My(n, d; C) by

aq t"1ay

as t"2a,
. ~w .

an t“rap

for T € GL(d,C) and t € C* such that t? = det(T).

We denote the identification space by

WGr(d, n) := w

~w
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Weighted Grassmann orbifolds

The natural (C*)" action on C" induces a (C*)" action on
WGr(d, n).

"Hiraku Abe and Tomoo Matsumura. Equivariant cohomology of weighted
Grassmannians and weighted Schubert classes. Int. Math. Res. Not. IMRN
2015, no. 9, 2499-2524.
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Weighted Grassmann orbifolds

The natural (C*)" action on C" induces a (C*)" action on
WGr(d, n).
Lemma (Brahma-S 2024, Abe-Matsumura)

The space WGr(d, n) has an orbifold structure where the charts
can be chosen (C*)"-invariant.

"Hiraku Abe and Tomoo Matsumura. Equivariant cohomology of weighted
Grassmannians and weighted Schubert classes. Int. Math. Res. Not. IMRN
2015, no. 9, 2499-2524.
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Weighted Grassmann orbifolds

The natural (C*)" action on C" induces a (C*)" action on
WGr(d, n).
Lemma (Brahma-S 2024, Abe-Matsumura)

The space WGr(d, n) has an orbifold structure where the charts
can be chosen (C*)"-invariant.

Remark

Brahma-S definition is equivalent to the definition of weighted
‘Grassmannian’ by Abe and Matsumura .

"Hiraku Abe and Tomoo Matsumura. Equivariant cohomology of weighted
Grassmannians and weighted Schubert classes. Int. Math. Res. Not. IMRN
2015, no. 9, 2499-2524.
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Weighted projective spaces

A Schubert symbol )\ for d < nis a sequence of d integers
(M, A2,...,Ag)suchthat1 < Ay < do <~ < Ag<n.
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Weighted projective spaces

A Schubert symbol )\ for d < nis a sequence of d integers
(M, A2,...,Ag)suchthat1 < Ay < do <~ < Ag<n.

For W = (wy,ws,...,wp) € (Z>0)" and a € Z>1, let
d
ci:=a Wi 2
j +; \ (2)

where {\ = (A}, AL, ..., AL)) :i=0,...,m= () — 1} are
Schubert symbols.
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Weighted projective spaces

Define ~,, on C™' — {0} by

(20,21, Zm) ~w (%29, t%Zy, ..., 1% zp).
The quotient space 7{0} is called the weighted projective
space with weights (co, c1 ,...,Cm) and denoted by

WP(cy, C1y ..., Cm).
The quotient map mc: C™' — {0} — WP(cy, Cy,...,Cm) iS
given by

we(20,21,..-,2Zm) =[20: 21 -+ Zm]~p- (3)
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Weighted embedding

Lemma

There is an induced (C*)"-action on WP(cy, ¢1,Co, ..., Cm)
which commutes with the natural (C*)™-action on

WP(co, Cy,Coy- -, Cm).
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Weighted embedding

Lemma

There is an induced (C*)"-action on WP(cy, ¢1,Co, ..., Cm)
which commutes with the natural (C*)™-action on

WP(co, Cy,Coy- -, Cm).

Lemma
There is an equivariant ‘weighted Pliicker embedding’

Ply: WGr(d,n) - WP(cy, ¢, Co, ..., Cm)-
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Invariant subsets of weighted projective spaces

Proposition

The map orbit map ns: C™' — {0} — WP(cy, €1, ..., Cm)
defined in (3) induces an equivariant homeomorphism

f: WP(rcy, req, ..., rcm) — WP(co, €1, . . ., Cm) for any positive
integerr.
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Invariant subsets of weighted projective spaces

Proposition

The map orbit map ns: C™' — {0} — WP(cy, €1, ..., Cm)
defined in (3) induces an equivariant homeomorphism

f: WP(rcy, req, ..., rcm) — WP(co, €1, . . ., Cm) for any positive
integerr.

Remark
LetA={(z,...2i_1,0,2i41,...,2Zm,) € C™1 —{0}} and
ged{cy,...,Ci_1,Cis1,...,Cm} = r. Then, the set

me(A) ={[(z1 :---: 21 :0: Zj;1 <1 Zm)] C WP(cy, C1,...,Cm)}
is homeomorphic to WP(St, ... 1 Gt ey,
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Homology of some fine quotient spaces

Let S2 1 = {(z,...,z¢) € CK | YK . |z|? = 1} and
G c SO(2n) a finite group acting on S?~' such that
S?=1 N {z = 0} is invariant.
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Homology of some fine quotient spaces

Let S2 1 = {(z,...,z¢) € CK | YK . |z|? = 1} and
G c SO(2n) a finite group acting on S?~' such that
S?=1 N {z = 0} is invariant.

Let Pk be the set of all non-empty subsets of {1,...,k}. Let £
be a subset of P and {1,....k} D {kq,...,ke} =0 € L.
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Homology of some fine quotient spaces

Let S2 1 = {(z,...,z¢) € CK | YK . |z|? = 1} and
G c SO(2n) a finite group acting on S?~' such that
S?=1 N {z = 0} is invariant.

Let Pk be the set of all non-empty subsets of {1,...,k}. Let £
be a subset of P and {1,....k} D {kq,...,ke} =0 € L.

Define U, := {(2,...,zx) € S*1 |z, £0fori=1,.., 0},

and U(L) == | J Us.

oeLl

Then U(L) is G-invariant for any subset £ of P.
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Homology of some fine quotient spaces

Let S2 1 = {(z,...,z¢) € CK | YK . |z|? = 1} and
G c SO(2n) a finite group acting on S?~' such that
S?=1 N {z = 0} is invariant.

Let Pk be the set of all non-empty subsets of {1,...,k}. Let £
be a subset of P and {1,....k} D {kq,...,ke} =0 € L.

Define U, := {(2,...,zx) € S*1 |z, £0fori=1,.., 0},

and U(L) == | J Us.

oeLl

Then U(L) is G-invariant for any subset £ of P.

Lemma
If p and |G| are coprime, then H;(U(L)/G; Z) has no p-torsion.
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Homology of weighted Grassmann orbifolds

Theorem (S)
1. The cohomology groups H*(WGr(d, n),Z) has no torsion.

2Tetsuro Kawasaki. Cohomology of twisted projective spaces and lens
complexes. Math. Ann., 206:243-248, 1973.
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Homology of weighted Grassmann orbifolds

Theorem (S)

1. The cohomology groups H*(WGr(d, n),Z) has no torsion.

2. Moreover, H*(WGr(d, n); Z) is concentrated in even
degrees.

2Tetsuro Kawasaki. Cohomology of twisted projective spaces and lens
complexes. Math. Ann., 206:243-248, 1973.
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Homology of weighted Grassmann orbifolds

Theorem (S)

1. The cohomology groups H*(WGr(d, n),Z) has no torsion.

2. Moreover, H*(WGr(d, n); Z) is concentrated in even
degrees.

This was proved for H*(WGr(1, n), Z) by Kawasaki 2.

2Tetsuro Kawasaki. Cohomology of twisted projective spaces and lens
complexes. Math. Ann., 206:243-248, 1973.
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Orbifold GKM Graphs

Definition (3)

LetT be an ¢-valen graph with orientable edges E(I') and n a
positive integer. An orbifold GKM graph is defined by a triple
(I', o, 0) such that the following holds.

8Alastair Darby, Shintaro Kuroki and Jongbaek Song. Equivariant
cohomology of torus orbifolds. Canad. J. Math.74 (2022), ne.2, 299-328.
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Orbifold GKM Graphs

Definition (3)

LetT be an ¢-valen graph with orientable edges E(I') and n a
positive integer. An orbifold GKM graph is defined by a triple
(I', o, 0) such that the following holds.

1. The map o: E(T) — H?(BT"; Q) is satisfying:

8Alastair Darby, Shintaro Kuroki and Jongbaek Song. Equivariant
cohomology of torus orbifolds. Canad. J. Math.74 (2022), ne.2, 299-328.
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Orbifold GKM Graphs

Definition (3)
LetT be an ¢-valen graph with orientable edges E(I') and n a
positive integer. An orbifold GKM graph is defined by a triple
(I', o, 0) such that the following holds.
1. The map o: E(T) — H?(BT"; Q) is satisfying:
1.1 the set of vectors {a(e) | e € E,(I')} are pairwise linearly
independent for each v € V(I'), as well as

8Alastair Darby, Shintaro Kuroki and Jongbaek Song. Equivariant
cohomology of torus orbifolds. Canad. J. Math.74 (2022), ne.2, 299-328.
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Orbifold GKM Graphs

Definition (3)
LetT be an ¢-valen graph with orientable edges E(I') and n a
positive integer. An orbifold GKM graph is defined by a triple
(I', o, 0) such that the following holds.
1. The map o: E(T) — H?(BT"; Q) is satisfying:
1.1 the set of vectors {a(e) | e € E,(I')} are pairwise linearly
independent for each v € V(I'), as well as
1.2 ife € E(T') is an oriented edge and é its reverse orientation
then rea(e) = +rsa(€) € H?(BT"; Z) for some positive
integers re and r.

8Alastair Darby, Shintaro Kuroki and Jongbaek Song. Equivariant
cohomology of torus orbifolds. Canad. J. Math.74 (2022), ne.2, 299-328.
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Orbifold GKM Graphs

Definition (3)
LetT be an ¢-valen graph with orientable edges E(I') and n a
positive integer. An orbifold GKM graph is defined by a triple
(I, «, 0) such that the following holds.
1. The map o: E(T) — H?(BT"; Q) is satisfying:
1.1 the set of vectors {a(e) | e € E,(I')} are pairwise linearly
independent for each v € V(I'), as well as
1.2 ife € E(T') is an oriented edge and é its reverse orientation
then rea(e) = +rsa(€) € H?(BT"; Z) for some positive
integers re and r.
2. The collection § := {0pq: Ep(l') = Eq(I") | pq € E(I')} is a
connection onT, and ife,e € E(T) with s(e) = s(e) there
exists ¢, ¢ € Z — {0} such that

C, o/ (a(fe(€)) — a(€)) = 0 mod rea(e).

8Alastair Darby, Shintaro Kuroki and Jongbaek Song. Equivariant
cohomology of torus orbifolds. Canad. J. Math.74 (2022), ne.2, 299-328.
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An orbifold GKM Graph

\ yi
4 Y| a(vevs)
a(vivo N o(vevi )

A A
a(on)| L, |evsve)
[ 4 N
0 a(vova) v
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An orbifold GKM Graph

The ‘axial function’ a: E(I') — H?(BT?; Q) is defined by

k K
a(Vov1) = Y1 — ya,  a(Vivo) = Yo — 2¥4,
K K,

k. k
a(vivo) = y1 — k%)’z; a(vovy) = yo — k—;yu

ks ko

a(vav3) = yq — k;)’zv a(vave) = yo — k?,yh

K k
a(Vavp) = y1 — 2¥a,  a(VoVs) = Yo — o ¥4,
k3 ko

for some non-zero integers ko, . . ., k3 with kg # kikKs,
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Equivariant cohomology of GKM graph

Definition
Let (', v, ) be an orbifold GKM graph. Then the following has a
ring structure

{f: V() = H*(BT"; Z) | Tea(e) devides (f(s(e)) — f(t(e)))},

where T, is the smallest positive integer satisfying the condition
1.1.2 in the definition of the orbifold GKM graph.
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Equivariant cohomology of GKM graph

Definition
Let (', v, ) be an orbifold GKM graph. Then the following has a
ring structure

{f: V() = H*(BT"; Z) | Tea(e) devides (f(s(e)) — f(t(e)))},

where T, is the smallest positive integer satisfying the condition
1.1.2 in the definition of the orbifold GKM graph.

This ring is called the equivariant cohomology ring of (T, a, ),
and denoted by denoted by H%, (T, «, 6).
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GKM orbifolds

Definition (*)
A T"-orbifold X is said to be a GKM orbifold if the following
holds.

1. X" is finite and discrete.

2. Xy :={x e X | dim T"x < 1} is a finite union of spindles
(WP(p, q)).
3. Ifaq,...,an are the weight vectors of the irreducible

T"-representations atp € X" for TpX then they are
pairwise linearly independent.

4Fernando Galaz-Garcia, Martin Kerin, Marco Radeschi, and Michael
Wiemeler. Torus orbifolds, slice-maximal torus actions, and rational ellipticity,
Int. Math. Res. Not. IMRN (2018), no. 18, 5786-5822.
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GKM property of weighted Grassmann orbifolds

Proposition
Each Grassmann orbifold is a GKM orbifold.
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Cohomology ring of weighted Grassmann orbifolds

Theorem (S)

Let WGr(d, n) be a weighted Grassmann orbifold. Then, the
equivariant cohomology ring H3,(X; Z) is isomorphic to
H7,(T, o, 0) as H7,.(BT"; Z)-algebra.
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