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Locally standard torus action

Assumptions

o T(=T9) ~T=(S') a d-dim torus.
e [ ~ M: smooth.
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e T ~ M: smooth.

J
~ Definition ~
T ~ M: locally standard < for Vx € M,
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Locally standard torus action

-~ Assumptions ~

o T(=T9) ~T=(S') a d-dim torus.

e T ~ M: smooth.

J
~ Definition ~
T ~ M: locally standard < for Vx € M,
@ H:= T, C T: subtorus (i.e., connected);
o HATM =~ V() D ® V(iag) ®RIMM=2k where
1, ...,y are basis of b} ~ Z* for k = dimH < d.

\ J

Note: k=0« Tx ~ T, a free orbit.
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Why locally stadard?

Let TY ~ C" x T/ x R™ (d = n+ I) be the standard action.
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Why locally stadard?

Let TY ~ C" x T/ x R™ (d = n+ I) be the standard action.
T ~ M: locally standard &

~ 3 locally standard T-chart
for Vx € M, 3 open subsets Uyy C M and Q C C" x T/ x R™ s.t.

~

<U’V’ diffeo (Q
Pa,..., a
T e,
som
where po, . o, 0t (1,00, t%) for basis ag, ..., a4 of t.

-

~
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Why locally stadard?

Let TY ~ C" x T/ x R™ (d = n+ I) be the standard action.
T ~ M: locally standard &
~ 3 locally standard T-chart ~

for Vx € M, 3 open subsets Uyy C M and Q C C" x T/ x R™ s.t.
Um dif:T.(Q
| T T
where po, . o, 0t (1,00, t%) for basis ag, ..., a4 of t.
- J

Note: This is equivalent to the definition in [Wiemeler].
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Examples

Let d =dim T.

Examples of locally standard T = T¢ ~ M:
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Examples

Let d =dim T.
Examples of locally standard T = T¢ ~ M:

@ Toric manifold T9 ~ M?9;
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Examples

Let d =dim T.
Examples of locally standard T = T¢ ~ M:
@ Toric manifold T9 ~ M?9;

Q@ 79~ 5291 e,
@ Principal T9-bdl over X;
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Examples

Let d =dim T.
Examples of locally standard T = T¢ ~ M:

@ Toric manifold T9 ~ M?9;
Q@ 79~ 5291 e,
@ Principal T9-bdl over X;

GOAL of this talk
[Classify locally standard T-mfd’s up to equivariant diffeomorphism.]
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Three invariants (Q, A, ¢)

1. Q := M/T: a quotient of T-mfd (mfd with corners).
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Three invariants (Q, A, ¢)

1. Q := M/T: a quotient of T-mfd (mfd with corners).

M > Uy —2 Qc C" x T! x R™
| | o
QD Ug——— 0" R7, x R™

S. Kuroki (Okayama U of Sci) Classification of loc. st. T-actions 22 Aug. 2024

5/21



Three invariants (Q, A, ¢)

1. Q := M/T: a quotient of T-mfd (mfd with corners).

M > Uy —2 Qc C" x T! x R™
| | o
QD Ug——— 0" R7, x R™

Note
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Three invariants (Q, A, ¢)
1. Q := M/T: a quotient of T-mfd (mfd with corners).

¢

M > Uy Q¢ C'x T/ x R™
T
QD Ug——— 0" R7, x R™

Note

e each depth k point (k = #of 0 coordinates € RZ, of ¢(p)) is in
the intersection of exactly k facets, 1 < k < n;
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Three invariants (Q, A, ¢)
1. Q := M/T: a quotient of T-mfd (mfd with corners).

¢

M > Uy Q¢ C'x T/ x R™
T
QD Ug——— 0" R7, x R™

Note

e each depth k point (k = #of 0 coordinates € RZ, of ¢(p)) is in
the intersection of exactly k facets, 1 < k < n;

@ using [Schwarz],

O(z1,.. ..z be, by, ym) = (2% |zl v, Vi)
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Three invariants (Q, A, ¢)

2.0:0'Q =1 = (tz) primitive/{£1}: a unimodular labeling,
where 91 Q is the set of depth 1 points.
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Three invariants (Q, A, ¢)

2.0:0'Q =1 = (tz) primitive/{£1}: a unimodular labeling,
where 91 Q is the set of depth 1 points.

T Porod Td
Md—l N UM( ¢ C" x Tl x R™
o ¢ A
I'Q N UgS Ry x R™
W Y
¢ .
X'—>(X1,---7)9'—170>Xj+17--->Xn,}/1>---,ym)

:>3\(X) =dn; € ,{Z
where 71, ...,n4 € tz are the dual basis of ay,..., a4 € t}, and
My_1 is the set of (d — 1)-dim. orbits.
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Three invariants (Q, A, ¢)

3. ¢ € HX(Q; tz): the Chern class of the principal T-bdl M. — Q.
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Three invariants (Q, A, ¢)

3. c € HX(Q; tz): the Chern class of the principal T-bdl Mpee — Q.
Since HI(Q; R4) =0 (g > 0),

0—>t, ~7d R Td 0
=0— HY(Q; T9) == H*(Q;t;) —=0

where T (resp. R?) is the sheaf of germs of smooth maps of Q into
T9 (resp. RY).
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Three invariants (Q, A, ¢)

3. c € HX(Q; tz): the Chern class of the principal T-bdl Mpee — Q.
Since HI(Q; R4) =0 (g > 0),

0—>t, ~7d R Td 0
=0— HY(Q; T9) == H*(Q;t;) —=0

where T (resp. R?) is the sheaf of germs of smooth maps of Q into
T9 (resp. ]R:").
Since @ ~ @ (homotopy equiv),

HY(Q; T9) —=~ H}(Q: tz)
w w
[Mfree — Q] >
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N

Three invariants (Q, A, ¢)

For the locally standard 79 ~ M,
@ Q:=M/T: a quotient of T-mfd,;
o \: élQ — % a unimodular labeling;
o c € H2(Q;tz): the Chern class of Mpee — Q.
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Three invariants (Q, A, ¢)

For the locally standard 79 ~ M,
@ Q:=M/T: a quotient of T-mfd,;
o \: 510 — % a unimodular labeling;
o c € H2(Q;tz): the Chern class of Mpee — Q.

Main result (rough statement)

(Q, A, c) classifies T ~ M up to eq. diffeo.
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Three invariants (Q, A, ¢)

For the locally standard 79 ~ M,
@ Q:=M/T: a quotient of T-mfd,;
o \: 510 — % a unimodular labeling;
o c € H2(Q;tz): the Chern class of Mpee — Q.

~ Main result (rough statement) ~
(Q, A, c) classifies T ~ M up to eq. diffeo.

\_ J

~ Previous results ~

@ [Yoshida] (2011): up to eq. homeo. when dim M = 2dim T.

- J
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Three invariants (Q, A, ¢)

For the locally standard 79 ~ M,
@ Q:=M/T: a quotient of T-mfd,;
o \: 510 — % a unimodular labeling;
o c € H2(Q;tz): the Chern class of Mpee — Q.

~ Main result (rough statement) ~
(Q, A, c) classifies T ~ M up to eq. diffeo.

\_ J

~ Previous results ~

@ [Yoshida] (2011): up to eq. homeo. when dim M = 2dim T.
o [Wiemeler] (2022): if 3 section M/T — M, i.e., if c = 0.

J
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Main theorem

Let 9t be the category consisting of
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Main theorem

Let 90t be the category consisting of

@ objects: T ~ M (locally standard);
@ morphisms : eq. diffeo. {Z: My — M.
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Main theorem

Let 90t be the category consisting of
@ objects: T ~ M (locally standard);
@ morphisms : eq. diffeo. 1;: My — M.

Let 9 be the category consisting of
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Main theorem

Let 90t be the category consisting of
@ objects: T ~ M (locally standard);
@ morphisms : eq. diffeo. {Z: My — M.

Let 9 be the category consisting of
@ objects: (Q,S\,c € H*(Q;z));
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Main theorem

Let 90t be the category consisting of
@ objects: T ~ M (locally standard);
@ morphisms : eq. diffeo. {Z: My — M.

Let 9 be the category consisting of

e objects: (Q,\,c € H(Q;t));
@ morphisms: diffeom. ¥ : Q; — @, s.t.
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Main theorem

Let 90t be the category consisting of
@ objects: T ~ M (locally standard);
@ morphisms : eq. diffeo. {Z: My — M.

Let 9 be the category consisting of
e objects: (Q,\,c € H(Q;t));
@ morphisms: diffeom. ¥ : Q; — @, s.t.

Q@ —"—1
¢|51 3} l Idj

o 5 A

0@, tz
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Main theorem

Let 90t be the category consisting of
@ objects: T ~ M (locally standard);
@ morphisms : eq. diffeo. {Z: My — M.

Let 9 be the category consisting of
e objects: (Q,\,c € H(Q;t));
@ morphisms: diffeom. ¥ : Q; — @, s.t.

M@ a tz and HQ(Qz;fZ)ﬂHz(QﬂfZ)

Y w
¢|51 3} id G e
21 by ~
0@ tz
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By the previous slides, T ~ M € 01 defines (Qu, A\, cu) € 2.

S. Kuroki (Okayama U of Sci) Classification of loc. st. T-actions 22 Aug. 2024 10/21



By the previous slides, T ~ M € 01 defines (Qu, A\, cu) € 2.
Definition[Classifying functor]

Cl: 9 — 9 such that CI(M) = (Qu. A, cum)-
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By the previous slides, T ~ M € 01 defines (Qu, A\, cu) € 2.
Definition[Classifying functor] ]

Cl: 9 — 9 such that CI(M) = (Qu. A, cum)-

Theorem (Karshon-K)
The classifying functor Cl : 91 — £ is
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Theorem (Karshon-K)

The classifying functor Cl : 91 — £ is

@ essentially surjective, i.e.,
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By the previous slides, T ~ M € 01 defines (Qu, A\, cu) € 2.
Definition[Classifying functor]
[CI -9 — 9 such that CI(M) = (Qu, Ay, cu)- ]

Theorem (Karshon-K)
The classifying functor Cl : 91 — £ is

o essentially surjective, i.e., V(Q, X e ITAMeMst.
CI(M) ~ (Q, \, ¢)
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By the previous slides, T ~ M € 01 defines (Qu, A\, cu) € 2.
Definition[Classifying functor]
[CI -9 — 9 such that CI(M) = (Qu, Ay, cu)- ]

Theorem (Karshon-K)
The classifying functor Cl : 0t — Q is

o essentially surjective, i.e., V(Q, \c)e IT~ Me M s.t.
CI(M) ~ (Q, A, ¢) (existence of T ~ M over (Q, A, ¢)),
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By the previous slides, T ~ M € 01 defines (Qu, A\, cu) € 2.
Definition[Classifying functor]
[CI -9 — 9 such that CI(M) = (Qu, Ay, cu)- ]

Theorem (Karshon-K)
The classifying functor Cl : 0t — Q is

o essentially surjective, i.e., V(Q, \c)e IT~ Me M s.t.
CI(M) ~ (Q, A, ¢) (existence of T ~ M over (Q, A, ¢)),

o full ie.,
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By the previous slides, T ~ M € 01 defines (Qu, A\, cu) € 2.
Definition[Classifying functor]

[CI -9 — 9 such that CI(M) = (Qu, Ay, cu)- ]

Theorem (Karshon-K)

The classifying functor Cl : 0t — Q is

o essentially surjective, i.e., V(Q, \c)e IT~ Me M s.t.
CI(M) ~ (Q, A, ¢) (existence of T ~ M over (Q, A, ¢)),

o full, ie., Vi : Cl(My) — Cl(My), 3ip : My — My such that
Cl(v) = ¥
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By the previous slides, T ~ M € 01 defines (Qu, A\, cu) € 2.
Definition[Classifying functor]

[CI -9 — 9 such that CI(M) = (Qu, Ay, cu)- ]

Theorem (Karshon-K)

The classifying functor Cl : 0t — Q is
o essentially surjective, ie., v(Q, N, c)en, IT ~ Me M s.t.
CI(M) ~ (Q, A, ¢) (existence of T ~ M over (Q, A, ¢)),
o full, i.e., Vi : CI(My) — CI(Ms), 30 : My — M, such that
Cl(¢)) = o (uniqueness of T ~ M over (Q, X, ¢)).
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Remark

Note: Cl: 9t — £ is not faithful.
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Remark

Note: Cl: 91 — O is not faithful.
In fact, for m; : M; = Q; (i = 1,2),
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Remark

Note: Cl: 91 — O is not faithful.
In fact, for m; : M; = Q; (i = 1,2),
Theorem

For QZ, 72)\ € m(Ml, Mz),

CI(P) = CI(P) = ¢ € Q>Qy, @)
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Remark

Note: Cl: 91 — O is not faithful.
In fact, for m; : M; = Q; (i = 1,2),
Theorem

For QZ, {D\ € f)ﬁ(I\/Il, Mz),

CI(P) = CI(P) = ¢ € Q>Qy, @)

dt : Q]_ g T(f\ Mg) s.t.

O(x) = t(m(x)) - D(x):
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Outline of proof

Let B be the category consisting of
@ objects: principal T-bdl P over (QS\) denoted by 1: P — Q;
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Outline of proof

Let B be the category consisting of

@ objects: principal T-bdl P over (QS\) denoted by 1: P — Q;
@ morphisms: eq. diffeo’s f : P, — P; s.t.
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Outline of proof

Let B be the category consisting of
@ objects: principal T-bdl P over (QS\) denoted by 1: P — Q;
@ morphisms: eq. diffeo’s f : P, — P; s.t.

P ———P,
My O M2
fq
@ @
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Outline of proof

Let B be the category consisting of
@ objects: principal T-bdl P over (QS\) denoted by 1: P — Q;

@ morphisms: eq. diffeo’s f : P, — P; s.t.
M ~

p o
P——— P, and 0@y tz
My 6] Mz falsio, id
fQ 1

o Y ~
o) @ NQ, —22 t,
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Outline of proof

Let B be the category consisting of

@ objects: principal T-bdl P over (Q,S\), denoted by 1: P — Q;

@ morphisms: eq. diffeo’s f : P, — P; s.t.
M ~

f o
Pp——= P, and o) tz
M O M2 folag, id
fQ N
o Y ~
Ql Q2 ot Qz c tz
Lemma

The quotient functor I : 3 — Q is essentially surj. and full.

S. Kuroki (Okayama U of Sci) Classification of loc. st. T-actions 22 Aug. 2024

12/21



Cutting functor Cut : 5 — 9N

For (P, Q, 5\) € B, the cut space
Cut(P,Q,\) = P/~
is defined by
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Cutting functor Cut : 3 — N

For (P, Q, 5\) € B, the cut space
Cut(P, @,A) = P/~
is defined by
p~p ENp)=Np)=xcQ and p € Typ
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Cutting functor Cut : 3 — N

For (P, Q, 5\) € B, the cut space
Cut(P, @,A) = P/~
is defined by
p~p ENp)=Np)=xcQ and p € Typ
where T(,y C T (subtorus) is generated by 7;,...,n;, € iz s.t.

Q Ry x R™

) 4 )

U @)

W v

x—(x1,..., 0 ..., 0 ... 0 o Xe Ve Yim)
i i Ik

Note: This is determined by A.
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Outline of proof

Lemma (Cutting functor)
Cut : B — 9M is a functor. J
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Outline of proof

Lemma (Cutting functor)
Cut : B — 9M is a functor.
V.
Outline of a proof.
]
y
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Outline of proof

Lemma (Cutting functor)
Cut : B — 9M is a functor.

Outline of a proof.

Step 1 Define topological atlas on P/~ by identifying the cut
space [171(U)/~, for U C Q open with
U0 CRL, x R™, with Q € C" x T/ x R™, where

Mn: P—Q;
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Outline of proof

Lemma (Cutting functor)
Cut : B — 9M is a functor.

Outline of a proof.

Step 1 Define topological atlas on P/~ by identifying the cut
space [171(U)/~, for U C Q open with
U0 CRL, x R™, with Q € C" x T/ x R™, where
N:P—Q;

Step 2 To prove this atlas is smooth, we generalize the
argument of [Bredon].
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Outline of proof

Lemma
The cutting functor Cut : 3 — 9 satisfies that
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Outline of proof

Lemma
The cutting functor Cut : 3 — 9 satisfies that

® essentially surjective,
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Outline of proof

Lemma
The cutting functor Cut : 3 — 9 satisfies that

e essentially surjective,

CloCut
— T . Cut Cl . .
° = i.e. — M —— Q is nat. isom. to the full
Fovw 9, ieP Q
n

, n
and ess. surj. functor B — Q.
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Outline of proof

Lemma
The cutting functor Cut : 3 — 9 satisfies that

® essentially surjective,

CloCut
— T . Cut Cl . .
° = i.e. — M —— Q is nat. isom. to the full
Fovw 9, ieP Q
n

, n
and ess. surj. functor B — Q.

Outline of a proof for ess. surj.
To prove it, we construct the toric radial-squared blowup functor

Bl: 9 — P s.t. CutoBl~ 1y and Blo Cut ~ 1,

v
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Outline of proof

Lemma
The cutting functor Cut : 3 — 9 satisfies that

e essentially surjective,

CloCut
— T . Cut Cl . .
° = i.e. — M —— Q is nat. isom. to the full
Fovw 9, ieP Q
n

, n
and ess. surj. functor B — Q.

Outline of a proof for ess. surj.

To prove it, we construct the toric radial-squared blowup functor
Bl: 9 — P s.t. CutoBl~ 1y and Blo Cut ~ 1,

by a simultaneous toric radial-squared blowup along codim-1
inv. submfd’s.

v
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Outline of proof

Lemma
The cutting functor Cut : 3 — 9 satisfies that

e essentially surjective,

CloCut
— T . Cut Cl . .
° = i.e. — M —— Q is nat. isom. to the full
Fovw 9, ieP Q
n

, n
and ess. surj. functor B — Q.

Outline of a proof for ess. surj.
To prove it, we construct the toric radial-squared blowup functor

Bl: 9 — P s.t. CutoBl~ 1y and BloCut ~ 1y,

by a simultaneous toric radial-squared blowup along codim-1
inv. submfd’s. Thus, V(T ~)M € M, IBI(M) = (P, Qu, Am) € B
s.t. Cut(P, Qu, Ay) ~ M € M.

O

= = =

>
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Functor chasing

Fix categories 3, 9, 2, and functors Cut : B — 9, Cl : M — Q
and N : P — Q.
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Outline of proof

Functor chasing

Fix categories 3, 9, 2, and functors Cut : B — 9, Cl : M — Q
and N : P — Q.

Lemma
Assume that Clo Cut ~ I1.
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Outline of proof

Functor chasing

Fix categories 3, 9, 2, and functors Cut : B — 9, Cl : M — Q
and N : P — Q.

Lemma
Assume that Clo Cut ~ I1.
o IfT:P — Q is ess. surj., then Cl : N — O is ess. surj.;
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Functor chasing

Fix categories 3, 9, 2, and functors Cut : B — 9, Cl : M — Q
and N : P — Q.

Lemma
Assume that Clo Cut ~ I1.
o IfT:P — Q is ess. surj., then Cl : N — O is ess. surj.;

o IfT:P — N is full and Cut : P — M is ess. surj., then
Cl: 9 — Q is full.
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Outline of proof

Using this lemma,

Theorem

The classfying functor Cl : 9t — Q is
@ essentially surjective,
o full.

This shows
Main result

(Q, A, ¢) classifies locally standard T ~ M up to equivariant dif-
feomorphism.
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Examples over the interval

Consider M/T? = [~1,1] (closed interval).
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Then,

e H%([-1,1];tz) = 0; therefore, ¢ = 0;
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Examples over the interval

Consider M/T? = [~1,1] (closed interval).
Then,
e H%([-1,1];tz) = 0; therefore, ¢ = 0;
e without loss of generality, A : {—1,1} — { satisfies A\(—1) = 1
and \(1) € (1, 1) for a basis 1,..., 14 € t.
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Examples over the interval

Consider M/T? = [~1,1] (closed interval).
Then,
e H%([-1,1];tz) = 0; therefore, ¢ = 0;
@ without loss of generality, A:{—1,1} = 1 satisfies \(—1) = 1
and A(1) € (ny, 1) for a basis 11, ...,1m4 € tz.
The topology of M depends on 5\(1) € iz
o M) =m =>M~S2x T,
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Consider M/T? = [~1,1] (closed interval).
Then,
e H%([-1,1];tz) = 0; therefore, ¢ = 0;
e without loss of generality, A : {—1,1} — { satisfies A\(—1) = 1
and \(1) € (1, 1) for a basis 1,..., 14 € t.
The topology of M depends on 5\(1) € iz
o M) =m =>M~S2x T,
o M) =mp=>M~S3x T2
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Examples over the interval

Consider M/T? = [~1,1] (closed interval).
Then,
e H%([-1,1];tz) = 0; therefore, ¢ = 0;
e without loss of generality, A : {—1,1} — { satisfies A\(—1) = 1
and \(1) € (1, 1) for a basis 1,..., 14 € t.
The topology of M depends on 5\(1) € iz
o M) =m =>M~S2x T,
o M) =mp=>M~S3x T2
o A1) = —wim +kmpp = M~ L(k;w) x T92,
where w, k > 0 with gcd(w, k) =1, and L(k; w) is the lens space
S3/ 7 defined by

(21 22] = [€"21,€2) € S° /L
for & € Zy.

S. Kuroki (Okayama U of Sci) Classification of loc. st. T-actions 22 Aug. 2024 18 /21



Outline of proof

References and Related works

Albin-Melrose Delocalized equivariant cohomology and resolution,
arXiv:1012.5766 (preprint 2010).

Bredon Introduction to compact transformation groups,
Academic Press, 1972.

Davis Smooth G-manifolds as collections of fibre bundles,
Pacific J. of Math. Vol. 77, No. 2, 1978, 315-363.

Davis-Januszkiewicz , Convex polytopes, Coxeter orbifolds and torus
action, Duke. Math. J., 62 (1991), no. 2, 417-451.

Haefliger-Salem Actions of tori on orbifolds, Ann. Glob. Anal.
Geom. 9 (1991), issue 1, 37-59.

S. Kuroki (Okayama U of Sci) Classification of loc. st. T-actions 22 Aug. 2024 19/21



References and Related works

Jénich On the classification of O(n)-manifolds. Math. Ann.
176 (1968), 53-76.

Schwarz Smooth functions invariant under the action of a
compact Lie group, Topology, 14 (1975), 63-68.

Wiemeler Smooth classification of locally standard T*-manifolds,
Osaka J. Math. 59 (2022), 549-557.

Yoshida Local torus actions modeled on the standard
representation, Adv. Math. 227 (2011), 1914-1955.

S. Kuroki (Okayama U of Sci) Classification of loc. st. T-actions 22 Aug. 2024 20/21



Outline of proof

Thank you!
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