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Locally standard torus action

Locally standard torus action

Assumptions� �
T (= T d) ' Td = (S1)d : a d -dim torus.

T ↷ M : smooth.� �

Definition� �
T ↷ M : locally standard ⇔ for ∀x ∈ M ,

H := Tx ⊂ T : subtorus (i.e., connected);

H ↷ TxM ' V (α1)⊕ · · · ⊕ V (αk)⊕ RdimM−2k , where
α1, . . . , αk are basis of h∗Z ' Zk for k = dimH ≤ d .

� �
Note: k = 0 ⇔ Tx ' T , a free orbit.
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Locally standard torus action

Why locally stadard?

Let Td ↷ Cn × Tl × Rm (d = n + l) be the standard action.

T ↷ M : locally standard
iff⇔

∃ locally standard T -chart� �
for ∀x ∈ M , ∃ open subsets UM ⊂ M and Ω ⊂ Cn ×Tl ×Rm s.t.

UM diffeo

≃ // Ω

T

CC

isom

ρα1,...,αd // Td

BB

where ρα1,...,αd
: t 7→ (tα1 , . . . , tαd ) for basis α1, . . . , αd of t∗Z.� �

Note: This is equivalent to the definition in [Wiemeler].
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Locally standard torus action

Examples

Let d = dimT .
Examples of locally standard T = T d ↷ M :

1 Toric manifold T d ↷ M2d ;

2 T d ↷ S2d−1 ⊂ Cd ;

3 Principal T d -bdl over X ;

GOAL of this talk� �
Classify locally standard T -mfd’s up to equivariant diffeomorphism.� �
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Main theorem

Three invariants (Q, λ̂, c)

1. Q := M/T : a quotient of T -mfd (mfd with corners).

M ⊃ UM

π
����

ϕ̃ // Ω

����

� � // Cn × Tl × Rm

θ /Td

����
Q ⊃ UQ ≃

ϕ // O � � // Rn
≥0 × Rm

Note

each depth k point (k = #of 0 coordinates ∈ Rn
≥0 of ϕ(p)) is in

the intersection of exactly k facets, 1 ≤ k ≤ n;

using [Schwarz],

θ(z1, . . . , zn; b1, . . . , bl ; y1, . . . , ym) = (|z1|2, . . . , |zn|2; y1, . . . , ym).
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Main theorem

Three invariants (Q, λ̂, c)

2. λ̂ : ∂̊1Q → t̂Z := (tZ)primitive/{±1}: a unimodular labeling,

where ∂̊1Q is the set of depth 1 points.

T
ρα1,...,αd //↷ Td

↷
Md−1 ∩ UM

π ����

� � ϕ̃ // Cn × Tl × Rm

θ ����
∂̊1Q ∩ UQ

� � ϕ // Rn
≥0 × Rm

x

∈

� ϕ // (x1, . . . , xj−1, 0, xj+1, . . . , xn; y1, . . . , ym)

∈

⇒λ̂(x) = ±ηj ∈ t̂Z

where η1, . . . , ηd ∈ tZ are the dual basis of α1, . . . , αd ∈ t∗Z, and
Md−1 is the set of (d − 1)-dim. orbits.
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Main theorem

Three invariants (Q, λ̂, c)

3. c ∈ H2(Q; tZ): the Chern class of the principal T -bdl Mfree → Q̊.

Since Hq(Q̊;Rd) = 0 (q > 0),

0 // tZ ' Zd // Rd // T d // 0

⇒ 0 // H1(Q̊; T d) ≃ // H2(Q̊; tZ) // 0

where T d (resp. Rd) is the sheaf of germs of smooth maps of Q̊ into
T d (resp. Rd).
Since Q ' Q̊ (homotopy equiv),

H1(Q̊; T d) ≃ // H2(Q; tZ)

[Mfree → Q̊]

∈

� // c

∈
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Main theorem

Three invariants (Q, λ̂, c)

For the locally standard T d ↷ M ,

Q := M/T : a quotient of T -mfd;

λ̂ : ∂̊1Q → t̂Z: a unimodular labeling;

c ∈ H2(Q; tZ): the Chern class of Mfree → Q̊.

Main result (rough statement)� �
(Q, λ̂, c) classifies T ↷ M up to eq. diffeo.� �
Previous results� �

[Yoshida] (2011): up to eq. homeo. when dimM = 2dimT .

[Wiemeler] (2022): if ∃ section M/T → M , i.e., if c = 0.

� �
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Main theorem

Main theorem

Let M be the category consisting of

objects: T ↷ M (locally standard);

morphisms : eq. diffeo. ψ̃ : M1 → M2.

Let Q be the category consisting of

objects: (Q, λ̂, c ∈ H2(Q; tZ));

morphisms: diffeom. ψ : Q1 → Q2 s.t.

∂̊1Q1

ψ|∂̊1Q1 ��

λ̂1 // t̂Z

id
��

∂̊1Q2
λ̂2 // t̂Z

and H2(Q2; tZ)
ψ∗
// H2(Q1; tZ)

c2

∈

� // c1

∈
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Main theorem

By the previous slides, T ↷ M ∈ M defines (QM , λ̂M , cM) ∈ Q.

Definition[Classifying functor]� �
Cl : M → Q such that Cl(M) = (QM , λ̂M , cM).� �

Theorem (Karshon-K)

The classifying functor Cl : M → Q is

essentially surjective, i.e., ∀(Q, λ̂, c) ∈ Q, ∃T ↷ M ∈ M s.t.
Cl(M) ' (Q, λ̂, c) (existence of T ↷ M over (Q, λ̂, c)),

full, i.e., ∀ψ : Cl(M1) → Cl(M2), ∃ψ̃ : M1 → M2 such that

Cl(ψ̃) = ψ (uniqueness of T ↷ M over (Q, λ̂, c)).
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Main theorem

Remark

Note: Cl : M → Q is not faithful.

In fact, for πi : Mi → Qi (i = 1, 2),

Theorem

For ψ̃, ψ̂ ∈ M(M1,M2),

Cl(ψ̃) = Cl(ψ̂) = ψ ∈ Q(Q1,Q2)

iff⇔

∃t : Q1
C∞
−→ T (↷ M2) s.t.

ψ̂(x) = t(π1(x)) · ψ̃(x).
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Outline of proof

Outline of proof

Let P be the category consisting of

objects: principal T -bdl P over (Q, λ̂), denoted by Π : P → Q;

morphisms: eq. diffeo’s f : P1 → P2 s.t.

P1
f //

Π1

��

P2

Π2

��
Q1

fQ // Q2

⟳

and ∂̊1Q1

fQ |∂̊1Q1

��

λ̂1 // t̂Z

id

��
∂̊1Q2

λ̂2 // t̂Z

Lemma

The quotient functor Π : P → Q is essentially surj. and full.
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Outline of proof

Cutting functor Cut : P → M

For (P ,Q, λ̂) ∈ P, the cut space

Cut(P ,Q, λ̂) = P/∼
is defined by

p ∼ p′
iff⇔ Π(p) = Π(p′) = x ∈ Q and p′ ∈ T(x)p

where T(x) ⊂ T (subtorus) is generated by ηi1 , . . . , ηik ∈ t̂Z s.t.

Q Rn
≥0 × Rm

U

⊂ ϕ // O

⊂

x

∈

� // (x1, . . . , 0︸︷︷︸
i1

, . . . , 0︸︷︷︸
i2

, . . . , 0︸︷︷︸
ik

, . . . , xn; y1, . . . , ym)

∈

Note: This is determined by λ̂.
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Outline of proof

Lemma (Cutting functor)

Cut : P → M is a functor.

Outline of a proof.

Step 1 Define topological atlas on P/∼ by identifying the cut
space Π−1(U)/∼, for U ⊂ Q open with
U ∼= O ⊂ Rn

≥0 × Rm, with Ω ⊂ Cn × Tl × Rm, where
Π : P → Q;

Step 2 To prove this atlas is smooth, we generalize the
argument of [Bredon].
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Outline of proof

Lemma

The cutting functor Cut : P → M satisfies that

essentially surjective,

P

Cl ◦Cut
((

Π

66⇓≃ Q , i.e., P
Cut−→ M

Cl−→ Q is nat. isom. to the full

and ess. surj. functor P
Π−→ Q.

Outline of a proof for ess. surj.

To prove it, we construct the toric radial-squared blowup functor

Bl : M → P s.t. Cut ◦Bl ' 1M and Bl ◦Cut ' 1P,

by a simultaneous toric radial-squared blowup along codim-1
inv. submfd’s. Thus, ∀(T ↷)M ∈ M, ∃Bl(M) = (P ,QM , λ̂M) ∈ P
s.t. Cut(P ,QM , λ̂M) ' M ∈ M.
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Outline of proof

Functor chasing

Fix categories P,M,Q, and functors Cut : P → M, Cl : M → Q
and Π : P → Q.

Lemma

Assume that Cl ◦Cut ' Π.

If Π : P → Q is ess. surj., then Cl : M → Q is ess. surj.;

If Π : P → Q is full and Cut : P → M is ess. surj., then
Cl : M → Q is full.
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Outline of proof

Using this lemma,

Theorem

The classfying functor Cl : M → Q is

essentially surjective,

full.

This shows
Main result� �
(Q, λ̂, c) classifies locally standard T ↷ M up to equivariant dif-
feomorphism.� �
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Outline of proof

Examples over the interval

Consider M/T d = [−1, 1] (closed interval).

Then,

H2([−1, 1]; tZ) = 0; therefore, c = 0;

without loss of generality, λ̂ : {−1, 1} → t̂Z satisfies λ̂(−1) = η1
and λ̂(1) ∈ 〈η1, η2〉 for a basis η1, . . . , ηd ∈ tZ.

The topology of M depends on λ̂(1) ∈ t̂Z:

λ̂(1) = η1 ⇒ M ' S2 × T d−1;

λ̂(1) = η2 ⇒ M ' S3 × T d−2.

λ̂(1) = −wη1 + kη2 ⇒ M ' L(k ;w)× T d−2,

where w , k > 0 with gcd(w , k) = 1, and L(k ;w) is the lens space
S3/Zk defined by

[z1 : z2] = [ξwz1, ξz2] ∈ S3/Zk

for ξ ∈ Zk .
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Thank you!
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