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Buchstaber numbers

K: an (n — 1) dimensional simplicial complex on [m] = {1,2,..., m}.
Buchstaber number
s(K)=max{re N|H(C T") ~ Zx}.

free

Theorem (Erokhovets, 2014)

1<s(K)<m-—n

The upper bound Pic(K) = p = m — nis called the Picard number of K.
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Freely acting subtori

Let HP be an p-dimensional freely acting subtorus of T™ on Zk.

The quotient ZK/Hp gives
a quasitoric manifold if K is a polytopal complex,

a topological toric manifold if K is a star-shaped sphere.

{polytopal complex} C {star-shaped complex} C {PL sphere}
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Freely acting subtori

Let T" ~ Zk.
A subtorus HP can be written as

{(e2ﬁi(511¢1+'"+51p¢p)’ o e27fi(5m1¢1+"'+5mp¢p)) €T™| ¢; €R}.

Define
an m x p matrix S = [s;],

a p x p matrix Spe = [sjjlicoe jeq1,.. py for each facet o of K.

Proposition

H freely acts on Zk if and only if det(S,<) = £1 for any facet o of K.

Hyeontae Seeds with maximal Buchstaber number 4/14



J=(1,...,Jm): a positive integer m-tuple.
J-construction
K(J) is the simplicial complex whose minimal non-faces are the set

{U{vl, v2,...,Vj,} | 7 is a minimal non-face of K}.
veT

We can consider K as a subcomplex of K(J) by identifying vy = v.
MNF(K) = {{17 3}7 {17 4}7 {2a 4}7 {27 5}a {37 5}}
= MNF(K(2,1,1,1,1)) = {{11,12,3},{11, 12,4}, {2,4},{2,5},{3,5}}

4 1 4
5 3 5 \ 3
1 2 1; 2
K K(2,1,1,1,1)
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Proposition

(1) K is a PL sphere (polytopal, star-shaped) if and only if so is K(J)
(2) Pic(K) = Pic(K(J))
(3) s(K) =s(K(J)) (Ewald, 1986)

Theorem (Choi-Park, 2016)

Any subtorus freely acting on Zy ) can be constructed by subtori freely
acting on Zg.

A PL sphere K is called a seed if K = L(J) implies J = (1,1,...,1).
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Seed inequality

Theorem (Choi-Park)

m<2P—1ifK is aseed withs(K)=p=m—n>3.

Sketch of the proof

(1) Let S be an m x p matrix representing a freely acting subtorus.
(2)
(3) Then the mod 2 reduction of S should not allow repeated rows.
(4) m<|Z5\O|=2r—-1

For a seed, the rows of S have to be mutually distinct.
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Seed inequality

There exists an (n — 1) dimensional seed K on [m] with s(K) = m—n >3
ifand only if2<n m<2m""—1 m-—n2>3.

In particular, the inequality is tight.

This is true even for the class of polytopal complexes.
Therefore, there is a quasitoric manifold over a seed with 2 < n,
m < 2m=n
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I: a 1-simplex
Suspension

YK =Kx0l

Proposition

(1) K is a PL sphere (polytopal, star-shaped) if and only if so is XK
(2) Pic(K)+ 1= Pic(XK) and s(K) + 1 = s(XK)
(3) K is a seed if and only if so is XK

™ =
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Stellar subdivision

Stellar subdivision

The stellar subdivision Ss,(K) at a face o of K is a subdivision of K
with a new vertex v, in the relative interior of o.

6 4 1o 4
5 \ ;
1y 2
YK K(2,1,1,1,1) Ssq1,1,3(K(2,1,1,1,1))
Proposition

(1) K is a PL sphere (star-shaped) if and only if so is Ss,(K).
2) If K is polytopal, then so is Ss,(K).

(2)
(3) s(K)+1=5(Ss,(K)) and Pic(K) + 1 = Pic(Sss(K)).
(4)

4

Ssp i (K(1,...,1,2,1,...1)) is a seed.
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Main construction

Choose any subset o = {v1, va,..., v} C [m].
2, ifveo
Let J, = (j1,...,Jjm) forj, =<7’
Ui m) for j 1, otherwise.
Then o is a face of K(J,).

Ss-(K(J5)) is a seed that is not a suspension if K is a seed that is not a
suspension and |o| > 1.
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Main construction

p\n 2 3 4 5 6 7 8 9 10 11 12 13 14
3 OPs  (01%)*  aC*(7) 2] o o o 2 o @ s o o
4 9Py TOPs T(OR) TACHT) Sspy(9CHT)(2,2,1,...,1)) Ssn(OCHD)2,...2) o 2 @
5 oP;

Remark

(1) The doubling (that is, J = (2,2,...,2)) of K followed by stellar
subdivision from the maximal complex of Picard number p gives a
maximal one of Picard number p + 1.

(2) For p =4, there are four seeds K with s(K) = 4. Our construction
gives one of them, and proves the polytopality. Are the other three
polytopal?
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Complete non-singular fans

A seed K with Pic(K) = 4 is the underlying complex of a complete
non-singular fan if and only if 2 < n < 8.

Our construction gives underlying complexes K of complete non-singular
fans only up to n =7 from the seeds of Picard number 3.
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Thank you for your attention




