
Cluster algebras and Monotone Lagrengian tor?

I joint work with Myunghokim, Yoosik Kim, Euiyong Penk )

Yunbyung cho

[SKKO)

workshop on Foric Topology , Frelds Institute

https://goodnotes.com/


Contents of this talk :
orQ -factorial ]

"

Monotone Lagrangian tor: in a smooth Fano vaviety

birational to a cluster raviety
"

o How toconstrect 2 .Viatoricdegeneratcons[Harada- Kaveh]

0 Grobner degeneratron ( inan algorithrmic woy )

Newton-OKounkovbody[ Anderson ]

. How to distinguish ?
- countng invaviants [ disk countng ) called a potential ftn .

-llo Con disk potential , superpotenthal ,

( lagrangian Floer theory ) Landau-Ganzbung mode. . ]

https://goodnotes.com/


Story goes as follows : why studyng monotone Lagrengions ?
mmmm

0 Many theories on cowntngisunobstructed

o characterisesfano vrieties

Monotone Symplectrc mfd I incauding smooth Fan. wavieties ]
mam

o closed curne[spheresonRiemannserface )coruntng mGn
-
nu
, on hG-model

o operr ceerve( disk)countngtum open GW-ior IMcror symnetuy<

Chagrangion boundary condition is necessary )
unmm
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I
.
Monotone Lagrangian submanifold
o Masou index ha (X

,
w) : Lagrangian submfd he dimb =*dmM , wlL≡o

µ
A Mastov index「 sa homomorphismπ 26 ×x,2) → a defined by :

ickpaEazLX,L7

≈ U : CD.JD] ' (×.2) with [u]=α

~> UAτX ≈ D× Cn
미 이

[ulapJ
*

SLG αDX¢
n

2D=δ
'
→ 0(m)/om)

: LagrangionGrassmenion

yψ tdexr
1

s uca) := degree
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Example
X=C More generally , 다 :D →( s

'

" ≤
n

{ Ula] = 2 P (Z
.
…

,
2
,
α
,
…

,
2]

~

사 K
≈

α has Maslow index 2K
화

Thm [C
.
- KimJ het (X

,
w) be a Hamiltonian st-mfd andLa(X ,w) an

S-TnvariantLagrangien lyingon somelevel set .

Fon a free st-oubit C := $pot ,tet u gradient nol . disk
ww

attained at a frxed point Zo .
Then

ulu) = 2 × (Inegative wts at Z0 )
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Example Symplectic toric mfd (X
,
w) → P
wtl-t,i)

wt o) C(]11. 골
µ=2 M=4

Thm [Cho ] Let h : torus fiber on a compaet symplectic mfd . Then

S Maslovindextwodisksbounded by L
3

Sfacets 08 p 로
called "

pasta disks
"

Note In toric case
,
π2(X , ]= π z(x]⑤ , (L]vialong exact sep .

πa(L] = 0 → πz(X) → π=(×,~) →π.() →π(x] = 0

B2

β ,업 . B, + βat β3 is a
' spherical class

B3
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o Monotone symplectia e monotone Lagrangion

Recall that

. (x
,
co) is monotone iF CiCTX] = λ o Ew) for some λ>0

Ie rolume and Chern number have the

same ratio λ for anysurfaces )

o LcX is monotone if µla) = 8 . cwla )forsome 8 r
0

( aEπz(X,) )

Thm o Everysmooth Fano variety is monotone
.

IfXclpeIssTmplyconnectedandLCCX,o): monotone, then

X is Fono
. Moreover

,
8 = 2λ θ멈

:

C ,(TX)= 2 Cwas], μ (D+)= 2 =4 -( i1
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. Toric Famo vrieties

이

S corcc Fomo vaaieties 3 7 Seflexive polytopes ?
:= pand pt are both lattce polytopes

Mone generally ,

S oric Q - Fano vavieties t
설

S (deal) Fano polytopes >

latticepolytope pst

: )OETt P
not a lattice ptExamsle θ iπ) vEVert p is primitne

@
θ θ

∞ 설 ㅇ 설
x

P P *

p P

reflexive Fano dualfano
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Thm Everysmooth toric Faro variety has a monotone Lagrangran torus Lo

낭 ^ . Lo : Frber at o

o3
U

. Every facet is expressed by aixxt. tanxn * L = 0

o Eaco basic disk is 0f Maslou Tndex 2

∞ " " 7sofarea
2:same rat:o 1

conjectere Eveny smooth, mot necessarily toria , Fono variety bas a

^

1 ≈
monotone hagrangian torus

√

Exisfence of Landau- Ginzburgmodels
Immorsymetryof smoothFaoravieties )
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. Distinguishng Lagraugians [ potential functions )

Two Lagrangions t , Ll are symplectic I Hamiltonian 「sotopic i8

ㅋ 5t3symp(X ,w)/HamcX ,w ) s . t. α ' = φ, (L)

Question How to distinguish Lagrangians ? 2 Counting disks

4

""
. M (X, β ) := Sw : ( D,ap) → (x, ): Cu]=β 3 / ~: virtual dimension: m -3te(β)

× M, (X,β) = S (u,z ) :UEM(X ,β )
,EE2 D 3 L

mum

U
.
)> 리(Z)

dim 거 . 2 ←U(β)
"

If µ(β) = 2 , dimM, (X,β) =m us
"

degreeofer = #u '
s

passing through a
mn geperic pt
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Defm Let L : monotone Lagrangion torus .
Chen

WL(Z] .=Ʃ mpz
2f

where . ns : I disks of class β
βEπ2(X.L] n

e(β]= 2
. JBE H( LL ; 2] 스 고

cay-,amy
fu? Z : =Z

.a
! …Zan >

is a Launent polynomial called a potential function

. 8Wr()xWL (z), thenLxc.

( E.g, sum of coef
'
s is Tnvariant under ~ )

π

basischangeoffHa(X:a ]

Cor monomial change )
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Example [cho-oh] P : reflexive polytope , hocxp : monotone Leg - fiber

ThenWL .(E)= Ʃ ZVF
,

γ

F
:
inwaad facet normal

F: facet

> K WL(E ) =Zitz2+
π

↓

→ ← WL(z] = E1+Z2*출 ,+
π

√

>
£
L(Z] = Z1+z2ttt x +-

⇐

π
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. ConstuctionofmonotoneLagrangien tor:. toricdegenerations[ Haada-Kaveh]

Xcpe
:
projectine varrety

Defn A torio degeneration is a flat family 0f varieties

HCE IP
'
× ¢

S
.t

.

↑) π
'
(¢
*
) = Xx C

*

X Iπ] πl (o) = Xo is an Trreducible toric variety
.

C

Example flag varietyflcs ) = SV . : ocV ,curca 3
,dm 량한

we Pliickerembedding Fe( 3 )aIPXI

hypersurface
ws Homg. oordinate [LXv,x 2

,×3
]

,[X2 , X23 ,X,□
J + Relation <X1X23- X2X1 * X3XRT

we Toric degeneration
Xon 홋< X1X23 - X2X31 + t - X3X2 Y
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0 Monotone Lagrongion tor: from toric degenerations

Thm [C. - Mo Kim Y .Kim. Park J

Let XC IpN be a smooth Fano variety .supposethatthereis a

torrc degeneration π . t→¢ s
.
t Xo is a normal Q- Fano . Then
m

I monotone Lagrangian torus

e 1) By CHarada-Kaveh] ,
I
continuous map ① : X → Xo s .t.

∅
⑧ (X
.

cm

) → X
.

sm
Is a symplectomopbism

Ti) Xosm contains el (intp UintF )where µ Xo→ p moment map
F:facet

Tis] Basic disks are over
intp U int F

and hence pulled - back to x

F Ψ
F:facet

via ∅
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∅
× 3 X

‰

니 "

한없 - T
disks ave preserved

In conclusion
,
to construct a monotone Lagrangian tonus, it is

emongh to construst a momal Q -Fano toric degenenation
mommmme
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. Toric degeneration wia Newton - Okowkov bodies

for X ≤ pe and D : prime davison of X , defme a nawation
*

UD : QC×) 7 고

f s Op(f) ' =oden of vamishing of f on D

(2f 며 w(g)andf =gkhwhere h: non-vavishangon D , □p(8) = K . >

Example . 28 f =*
y

andD = Sc=oz≤ ¢,then Ob(f) = 2

For Y. ;= $ X=Y. 29. □… 2 yn = $p3 : codim*: : 고 , Ye
'
s are smooth at p ?

ne
4
.

: ¢C×]
*
→ Rn

f 209. (8) = (Ar,
…

,
am)

where f = fig , wite ,= iu(fi)andgitoon Y.

gi = fg
2

"Y
2 =I √ (f2)inY ,and g2to on2
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Now
,
restrict λy.
to¢SX ] = ⑤

(

X,Im
7

c ¢ Cx)andextend it to
mo

Oy
.

( fm) =: (m, 09. (fa)] ε IN × Rn

Defn The Tmage Ss.= DG (QCX]1303)iscalledvaluationsemigroup

Thm [Anderson J I8 Sy
.

is frritely generated, then
I
toric degeneration

of X to a torie vaviety Pro ;¢[S. ] over DYo whene

D
4. := Cone S* Λ SRXIR

"
C M× IR

7

o Xo is projectivelymormalCandhence ]momal if Sy. is satunate
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Clusten vaviety
. cluster algebra : Q-algebra generated by

"

seed
"

i) A - seed isa pair s = (X , ε) consistng of
rm

Elu - εm

α = (x,…
-

,
Km)

"

E = I : : ) . skew - symmetric

ecalled
"

cluster vriables

En,
- Enn

s called
"

exchange matrix
"

iπ) for each α= ,… ,n , define µk (s) := $
'
= (A, ε

'

) wheve
m≈

x
(
' =K.

called
"

mutation
"

씨 : :
_ E☆ [i=sor J=K)

[ ={ xk = x← . ( π x=
k
+ π xƩ

E라

) ☆ { Ei☆ ± Eik .Ec ; (EK , εC; :? 7

: E:K70 EikCO

xin = xn Eis 6 ow)

https://goodnotes.com/


∴ …

Exchange graph
:veatex - seed

ole,ss)
In-valent ] edge - mutation

⑥S

µ3(s) Uz(s]
… @

⑨ …

: :

Note In skew - symmetric case , the exchange matix E can be

replaced by a quiver
"

고
⑥ > } O 20 -1

어)2√ ㆀ
σ < ④ 50 -10
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Thm [ Laurent phenomenon)

Fix an Tnitial seed S. ' -( A
, ε

)
.for anyseed

s
' =(A ,E'

s
,eachci is a

Laerentpolynomial in (xu ,… ,xn)

Defr IAclusteralgebra is asubalgebra of(xusxn) generated by 5 xs

To construct ageometriccounterpent ,wetakeIAs
'

J instead of aCas]
m

and gune spec¢CAs
]

along mutations
.

mmm

=④n regular oneacu tori

U; Tscalleda dustervaiety
s. seed
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Gross -Hacking -Keel -Kontsevichconstucted a toric degeneration
of a (patially ) compactified cluster vriety .

( In our case
,
cluster vaiety = Uw

.

:= UnBw
.
B

compactifred variety = alBI open embedding )

o Later
, Fujrta - Oya provedthatGHkk' spolytopecanbe reaized as

a LOBY :

i) Each seed (A
,
E)defrnes aveluation on ¢(X)

t

o x defmes
"

monomials
"

o E defmes am orderng onana≤Ebe a= b+Eu for some
n

VE고
i:) α (X(w)

, δ× . . ) =.인5 ↑ ^

Schubert string polytope
λ i dominant wt

variety
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Main reselt

ㅇcombinatorial Cluster structures :

Given exchange graph π ,

consider SDS . S επ 3 s .t .

∴ …
∴ …

o le, (s) o Duis?
τ

us ^

⑥S a Es

U3(5) sz(s] DnT L d

ㅜµ3(s)
µ3 U Drezis)

… @
@ … … ⑨

⑨ …

: : : :
거

Uiτ . IR2. × 1R
"

→ IRI0 × IR
[at
:

=max( a.o)

τ 9
Cr
,
u ) ( r ,Mrcus) , U :isa tropicalized version of µ: :

} (j=K)

UiT : M= (.µj )s µ
'
= (u; s where µ; = u;+ CEK.;]+ Uk (JFK , UK20 )

rom {
piecewise lTnear 리5

-[ -EK;] +←
[JFK , UK≤이
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Then we say thet $t.s : sEπ 4 has a combinatorial duster structure

( I
.e ,U(6s) = α ]

luics]

Proposition[CKKP ]SupposethatED. s :st π 3isafammly0 fNoBY' sof X 드IP

having a combrnatorial cluster structure !

Fix an initial seed so
.

:)
.

If Is
.

is a dual Fano polytope , then so is ts for θSEπ
.

iπ] 58 the sem:groupSs.issaturated. thensolsSsfor
θ
SEπ

Corollary Eacu seed sEπ produces a monotone hagrangion torus hs ≤ X .

I8 the cluster algebra is ofTnfinitetype, thenthisprocess prodeces

infrnifely many monotone Lagrengian tor:
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Thm [CKKP] Suppose that EDt3 satisfies the conditions in the proposition .

If I sequence of seeds $si= (:,ε=13 s .t.IEil→ ∞ as i→∞
,

then I infrnitely manydistonct monotone Lagrangiom tor:

Lup to symplectic isotopy )

4
main idee : the growtehofIE 의 rthegrowteoflaticeptsints

:

Thm coKkP] het GG be a smple complex Lie group other then A. ,Az,A3 , A4 ,B2zC2

then G/B has infrnitely many monotone Lagrangion tori

(wrt
.
kKS Kanler form ω2p )

known that it is

G main adee . ↑) Take initlal seed s. st δs.
= D

요
.

(2β)
☆
deal Fano

i?) usng guwer descroption , we con findlsi )st

IE: 1→∞
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D

∞
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Thank Yow !
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